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Chapter 1

Introduction

1.1 Newtonian mechanics

In newtonian mechanics the state of a mechanical system is described by a finite
number of real parameters. The set of all possible positions, of a material point for
example, is a finite dimensional smooth manifold M, called the configuration space.
A motion of the system is a smooth curve v : I — M, where I C R is an open
interval. The velocity field of 7 is smooth curve 4 : I — T'M. The (total space of
the) tangent bundle TM of M is called the phase space.

According to Newton, the total force is a vector field F' that acts on the points
of the configuration space. Locally, a motion is a solution of the second order
differential equation F = m&, where m is the mass. Equivalently, ¥ is locally a
solution of the first order differential equation

This means that the motions are the projections on the configuration space M of
the integral curves of a smooth vector field X on the phase space T'M such that
m+X = id, where 7 : TM — M is the tangent bundle projection.

Definition 1.1. An (autonomous) newtonian mechamical system is a triple
(M,g,X), where M is a smooth manifold, g is a Riemannian metric on M and X
is a smooth vector field on T'M such that 7, X = id. A motion of (M,g,X) is a
smooth curve v : I — M such that 4 : I — TM is an integral curve of X. The

1
smmoth function 7' : TM — R defined by T'(v) = ig(v,v) is called the kinetic
energy.

Examples 1.2. (a) Let M = R, so that we may identify TM with R? and 7 with
the projection onto the first coordinate. If g is the euclidean riemannian metric on

R and

1
X:vg—l——(—kza:—pv)g, k>0, p>0,
m ov

then obviously 7, X = id and a motion is a solution of the second order differential

3



4 CHAPTER 1. INTRODUCTION

equation

mi = —k*x — pi.

This mechanical system describes the oscillator.
(b) The geodesic vector field X of a Riemannian n-manifold (M, g) defines a
newtonian mechanical system. Locally it has the expression

n 6 n
_ k
X =Y okl o Y rhuv ok
k=1 1,7,k=1
where Fk are the Christofell symbols.
Often a mechanical system has potential energy. This is a smooth function

V: M — R. Let gradV be the gradient of V with respect to the Riemannian
metric. If for every v € TM we set

(v + tgradV (mw(v)),

—— d
gradV = —
dt|—g

then gradV € X(TM) and m,.gradV = 0, since 7(v + tgradV (m(v))) = w(v), for
every t € R. Locally, if g = (gi;) and (gi;) ™" = (¢"), then

—~ 0V 9 —~ 0V 0
gradV = Zl 9t Dl and gradV Zl 92t Dol
7] 7]

Definition 1.3. A newtonian mechanical system with potential energy is a triple
(M,g,V), where (M,g) is a Riemannian manifold and V' : M — R is a smooth
function called the potential energy.

The corresponding vector field on TM is ¥ = X — gradV, where X is the
geodesic vector field. The smooth function E =T 4+ V onm : TM — R is called the
mechanical energy.

Proposition 1.4. (Conservation of energy) In a newtonian mechanical system
with potential energy (M, g, V') the mechanical energy is a constant of motion.

Proof. We want to show that Y(E) = 0. We compute locally, where we have

1 & o
=3 Z gijv' v’ +V and
ij=1

Y = n vkaZC—i(ZPk %MZ

k=1 k=1 Vij=1

") o

Recall that
L~ 1/0ga  Ogj  Ogi
rk — = kil (2 S Y,
P G Ryl )

=1



1.1. NEWTONIAN MECHANICS )

We can now compute

= agz o - - ; oV
=3 oy 3 G (3 e+ 3 St 5
1,5,k k=1 ‘i j=1
_ Z(Z Fz UJ + Z a - Zk) (Z gikvl>
k=1 “,j=1 x i=1
“L OV ov Ogi; y
- Ukaxk_( ozY k)(ZQ@kU)-l- Z il
k=1 i=1 i,7,k=1
- Ogi | 091t iy i
S (Sow) (3 5 G+ 5~ )
k=1 1,7=1 " I=1
1= 09 5k 1~ (Oga | g Bgij\ ;i ;
T2 20V "5 2 (Gt e~ VYV =0 O
i,5,k=1 i,,l=1

A smooth curve v : I — M is a motion of a newtonian mechanical system on
M with potential energy V if and only if « satisfies the second order differential
equation

Vs = —gradV

where V is the Levi-Civita connection on M. In case V has an upper bound, then
a motion is a geodesic with respect to a new Riemannian metric on M, possibly
reparametrized. So, suppose that there exists some e > 0 such that V(x) < e for
every x € M. On M we consider the new Riemannian metric g* = (e — V')g. Let ~
be a montion with mechanical energy e, that is

SIGH,9(0) + V(1) = e

for every t € I. Since e > V(7(t)), we have 4(t) # 0 for every ¢t € I. The function
s: I — R with .
s(t) =V2 [ (e=V(y(7))dr,

to
where tq € I, is smooth and strictly increasing. Let v* = yo s7L.
Theorem 1.5. (Jacobi-Maupertuis) If v is a motion of the mechanical system
(M,g,V) and V(x) < e for every x € M, then its reparametrization v* is a geodesic
with respect to the Riemannian metric g* = (e — V)g.

Proof. 1t suffices to carry out the computation locally. The Christofell symbols of
the metric g* are given by the formula

1 ov oV
kE_pk o = [_Z" s, Ik
Az] Fzg + 2(6 — V) < 81‘Z6]k 8 J zk + Z O 2.9 gzj)
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If in the local coordinates we have v = (z!, 22, ..., 2"), then

dzk dzF  dt B 1 dzk

ds — dt ds  \2e—V) dt

and so
d2zk B 1 d2zk n 1 dxk al@
ds? ~ 2e—V)?2 &t ' 2e—-V)3 dt — ozt dt
Since -
d X _ " k dﬁ[»’ d$] 8V kl
a2t ,]Z:I Gt dt Z ot
and

- dxt da?
o =2(e—V
’i;lg] dt dt (6 )

substituting we get

d?z* Zn: p Azt da?

ds? Wds ds
,j=1
dx’ dx? 1 "oV 1 da¥ oV dxt
_ k et YV okl -
2Ae—V)2 Z St dt  2e— V)2 & o’ T 2e— V) dt ; oal dt

7]_

Shp el 1oV 1 dit s ovaw
20 —V)2 Ydt dt 4(e—V)3 dt — dxt dt  A(e—V)3 dt = OxJ dt

,j=1
(9V kl TL d.’L‘ dl"j
(Zaxl ><jz: 9ar dt>

OV wi oV w\(N~,, dotdal _
(e—V 228331 <Z(9xlg Zlg” dt dt =0 -

1.2 Lagrangian mechanics

Let (M,g,V) be a newtonian mechanical system with potential energy V and let
L:TM — R be the smooth function L =T — V o &, where T is the kinetic energy
and 7 : TM — M is the tangent bundle projection.

Theorem 2.1. (d’Alembert-Lagrange) A smooth curve v : I — M is a motion of
the mechanical system (M, g, V') if and only if

LRG0 = o= (30)

for everyt € I andi =1, 2..., n, where n is the dimension of M.
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Proof. Suppose that in local coordinates we have v = (z!, 22, ...,2"). Recall that
is a motion of (M, g, V) if and only if

ZF L - Zg;/lglk

,j=1
Since
1 < »
=5 2 9@" = V(7).
ij=1
for every i =1, 2,..., n we have

n

d oL . oL .. d AN R Ogm . il ov
el _ -z U A I 7m —
2O ) - Ly =4 (Ezjgx> 3 O el s o)
<~ 99ij .1 . . OIml .o . 4 ov
SO0 Bt 1Y g - 2 30 Dbty V)
e Ox = 2m,z: ox Ox
- 9gim 1 0gmi em -l = g oV
Z <3:1:l 2 Ozt )x v +Zg”x + ozt (v(®))-

m,l=1 j=1

Taking the image of the vector with these coordinates by (g;;)~! = (%), we see
that the equations in the statement of the theorem are equivalent to

n

~ dg; 1O0Gmi \ .m . N Ny |
— ik m m m sl ik g tk _
0 Zz;g (mzl:l ( o 20z )" + ;9 9ijx’ + ; oziY

R s (g 109w mat = OV
k ik m -l ik
T Zg (Z(axl 28@”)56 $+;8$ig B

m,l=1 =1

x+ZFmexl+Zal . O

m,l=1

Generalizing we give the following definition.

Definition 2.2. An autonomous Lagrangian system is a couple (M, L), where M is
a smooth manifold and L : TM — R is a smooth function, called the Lagrangian. A
Lagrangian motion is a smooth curve v : I — M which locally satisfies the system
of differential equations

d oL ,. oL

S (B G0) = g (3(0)
fort € I and ¢ = 1, 2..., n, where n is the dimension of M. These equations are
called the Euler-Lagrange equations.

Example 2.3. Let (M, g) be a pseudo-Riemannian n-manifold and A be a smooth
1-form on M. The Lagrangian

L(v) = %mg(v,v) — A(v)
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generalizes the motion of a charged particle of mass m under the influence of an
electromagnetic field defined by the 1-form A. Let (U, z!, 2%, ..., 2™) be a local system
of coordinates on M and (7~ 1(U), 2!, 22,...,2", v, v2, ...,v") be the corresponding
local system of coordinates on T'M. In local coordinates L is given by the formula

n n
1 o 4
1,2 n ,1 2 n % %
L(z* z=, ..., 2" v 07, .. v ):im E gijv'v! — E A;dx’,
=1 =

where (g;;) is the matrix of the pseudo-Riemannian metric g and A = >0 | A;dz’
on U. A smooth curve v : I — M is a Lagrange motion if and only if it satisfies the
Euler-Lagrange equations. In our case the right hand side of the Euler-Lagrange
equations is

OL Z 0gi; dz* da? Z DA; dz

81"@ oxk dt dt oxk dt

and the left hand side

d oL . B Ogix ! dx et N 9A dat
g (TN =m D o5 ar t D> 9ik dz L oal dt

1‘77

So the Euler-Lagrange equations are equivalent to

" 0A,  0A; dx "\ dgir.  10g;; dx’dx’
Z (owt ozt 8xk - ng dt? tm Z (aa:j 2 8mk> dt dt -

=1 1,j=1
On the other hand
. 0 "L 04, . - 0 "L 94, 0A; dit
AG(t), -2) = : i Iy =y (& .

Recall that the covariant derivative formula along v gives

d?zl 0 ", datdal 0
| el
Z dt? dal ,Zl:l “9dt dt Ox

i,7,l=
and so o
dm’ dxz?
.
7] -
Since
0gir . 99k 0gij
F JE J
Zglk (8:1:3 ozt oxk )’
we get,

dx* dz? dgi,  10g;; . dx* dx?
e — LA VA P
2 ol = 2 G 200 @t d
i,5,l=1 t,j=1
We conclude now that the Euler-Lagrange equations have the form

0 0
= dA(¥, ——
) (’7? 8xk),

W k::1,2,...,n
X

g(mVs7,
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or independently of local coordinates
MV = grad(is(dA)),

where the gradient is taken with respect to the pseudo-Riemannian metric g.

Theorem 2.4. (Least Action Principle) Let (M, L) be a Lagrangian system. A
smooth curve v : [a,b] — M is a Lagrangian motion if and only if for every smooth
variation T : (—¢, €) x [a,b] — M of v with fixed endpoints, so that T'(0,t) = ~(t) for
a<t<b, we have

d b ar
5 s:()/a L(= o (s,t))dt = 0.

Proof. 1t suffices to carry out the computations locally. We have

b ar b9
(% - Z
- | uG o= [ B

brm n
[1E5 w(t))gl;(o,t) DO

/ab L"l gf@'( 0 t +Z avz 8615 ?’)E(O t))} dt =
/ {"1 G500+ jt<1 2 w»?;(o,t))—i (B @) Z o] -

/b;[gf 600 - g (i) |5, 0.0

g
Os

9
0s

or

L5, (

s, t))dt =

because s (0,a) =

means that

(0,b) = 0 since the variation is with fixed endpoints. This

d b ar
5 S:o/a L(= 5 (s,t))dt =0

if and only if .
S (G B) = S (1)

or
for i =1, 2..., n, because 6—(O,t) can take any value. [J
S
As in newtonian mechanical systems with potential energy, one can define the
notion of mechanical energy for Lagrangian systems also. In order to do this, we
shall need to define first the Legendre transformation. So let L : TM — R be a
Lagrangian and p € M, v € T, M. The derivative

(Llzynt) s : To(TyM) = T,M — R
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can be considered as an element of the dual tangent space T; M.

Definition 2.5. The Legendre transformation of a Lagrangian system (M, L) is
the map £ : TM — T*M defined by L(p,v) = (L|1,n)x0-

1
Example 2.6. If L = —g — V is the Lagrangian of a newtonian mechanical system

with potential energy (M, g,V), then for every p € M and v, w € T,M we have
L(v)(w) = g(v,w). Thus, in this case the Legendre transformation £: TM — T*M
is the natural isomorphism defined by the Riemannian metric.

Definition 2.7. The energy of a Lagrangian system (M, L) is the smooth function
E :TM — R defined by E(v) = L(v)(v) — L(v).

If (', 22, ...,2") is a system of local coordinates on M with corresponding local

coordinates (z!,x2,..., 2", v, v?,...,v") on TM, then
n
1 .2 n ,1 .2 n oL A 1 .2 n ,1 .2 n
E(x,x*, ... 2" v 0% .. 0" = 501 — Lz, x5, ..., 2" v 07, 0").
=1

In the case of a newtonian mechanical system with potential energy (M, g, V)
the above definition gives

1 1
E(v) = L(v)(v) = L(v) = g(v,v) = 59(v,v) + V(n(v)) = 59(v,v) + V(7(v)),
which coincides with the previous definition.

Example 2.8. We shall compute the Legendre transformation and the energy of

the Lagrangian system of example 2.3 using the same notation. Considering local

coordinates (z!, 22, ..., 2", v, v?,...,v") on TM, we have

1 n o n ,
(L|TpM)(Ul?U2a ) Un) = §m Z gijvzvj - ZAI'UZ-
ij=1 i=1
Differentiating we get
n . . n .
(L|TPM)*U =m Z gz‘jUZdUJ — ZAZ'dUZ.
ij=1 i=1
We conclude now that
L(v)(w) = (L|z,m)s0(w) = mg(v, w) — A(w).
The energy here is
1
B(v) = L(v)(v) = L(v) = gmg(v,v),

and so does not depend on the 1-form A, which represents the magnetic field. This
reflects the fact that the magnetic field does not produce work.
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Theorem 2.9. (Conservation of energy) In a Lagrangian system the energy is a
constant of motion.
Proof. Considering local coordinates on M, let v = (z!,22,...,2™) be a Lagrangian

motion. Then ‘
. " OL dzt )
BG(1) = Y. 5o = L)

i=1

and differentiating

d

Z(E( = — —
dt( (3(®)) 52 <8v18x3 dt dt * dvtovd dt  dt?

AL dxt dxd AL dxt d2z7 "~ L d*a
— ovt dt?

OL dx’ B "\ 9L d?z’ B
(9:1:’ dt pat ot di2

S~ (P LL+ PL o d\ oL
oviozy dt dt — OvidvI dt dt? — Oxt dt -

ij=1
But from the Euler-Lagrange equations we have

OL d 0L, ~~( O°L dat  O’L d®I
o0~ dilon) ~ & (ovas ' * v ')
o d .
and so substituting we get %(E(y(t))) =0. 0
Apart from the energy, one can have constants of motion from symmetries of
the Lagrangian.

Theorem 2.10. (Noether) Let (M, L) be a Lagrangian system and X a complete
smooth vector field on M with flow (¢¢)ier. If L((¢¢)sp(v)) = L(v) for every v €
T,M,pec M andt € R, then the smooth function fx : TM — R defined by

fx(v) = lim 2O F5X(@(W) — L(v)

s—0 S

1 a constant of motion.

Proof. Considering local coordinates, let ¢; = (é1,¢7,..., 7). Since L is ()«
invariant, if v = (2!, 22,...,2") is a Lagrangian motion, differentiating the equation

L((@s) sy (7())) = L(7(t)) with respect to s, we have

P " OL [ 9% dz?
Z ( ) ,0+ Azl 6vi<8xjas>50zﬁ_0

=1 §= 1,j=

Since fx(v) is the directional derivative of L|z, , a in the direction of X (m(v)) and

gt 0
*= Z ( >t0 Oz’
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we have

wew =3 5 (5).

i=1
Using now the Euler-Lagrange equations we compute

S Ux(G0) = ;dt<a> ( D5 )SZO P adt< ds >s=0 -

i 2 4 j
ot OO My g
8301 61}1 0x70s ) ,_, dt

J_

Examples 2.11. (a) Let (M, g, V') be a newtonian mechanical system with potential
energy and X be a complete vector field, which is a symmetry of the system. Then
fx() = g(v,X(m(v))). The restriction to a fiber of the tangent bundle of fx is
linear in this case.

(b) Let X be a complete vector field which we assume to be a symmetry of
the Lagrangian system of example 2.3. For instance, this is the case if the flow
of X preserves the pseudo-Riemannian metric on M and the 1-form A. Then the
Lagrangian is X-invariant and the first integral provided form Noether’s theorem is

fx(v) = mg(v, X) — A(X).

1.3 The equations of Hamilton

A Lagrangian system (M, L) is called hyperregular if the Legendre transformation
L:TM — T*M is a diffeomorphism. For example a newtonian mechanical system
with potential energy and the system of example 2.3 are hyperregular.

Definition 3.1. In a hyperregular Lagrangian system as above, the smooth
function H = Eo L' : T*M — R, where E is the energy, is called the Hamiltonian
function of the system.

Example 3.2. Let (M,g,V) is a newtonian mechanical system with potential
energy. The Legendre transformation gives

qZ = .’L'l, pi = ({“)’UZ ng
The inverse Legendre transformation is given by
. . . n ..
ZL‘Z:(]Z, UZ:Zg”pj.
j=1
So we have

1 & L
=3 Z gijv' ) + V(zh 2?2,

ij=1
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1 — .
=5 Z gijv'v! — V(zt, 2%, ... 2"
ij=1
and therefore .
1 g
=52 9"ppj + V().
ij=1

Theorem 3.3. (Hamilton) Let (M, L) be a hyperregular Lagrangian system on the
n-dimensional manifold M. A smooth curve v : I — M is a Lagrangian motion if
and only if the smooth curve Lo : I — T*M locally solves the system of differential
equations

. OH OH
q 8pz ) p'l aqz ) 9 9 9 n
Proof. In the local coordinates (z!,22,...,2") of a chart on M the Legendre trans-

formation is given by the formulas

qZ:xZ’ pl:%7 Z:1,2,...,n,
where (z!,22,...,2" v! 02, ...,v") are the local coordinates of the corresponding

chart on T'M. Inversing,
i

xi:qi7 v :yi(q17q27"'7qn7p17p27"'7pn)7 i:1727"'7n

for some smooth functions y', 32,...,y". From the definitions of the energy E and
the Hamiltonian H, we have

n
H=EoL™" = piy) = L(g" ¢ . q" y", 0% ")
=1

and differentiating the chain rule gives

"oy oLy _
+Zp]y Zavjazz

813@

i oy’ Z oL 8y1 oL
Pidg 896’ vl of ozt

7=1

If v(t) = (z'(t), z(t), ..., 2"(t)) is a smooth curve in local coordinates on M, then

LO0) = (@ (1), 20), 2™ (1), S (G(1)), S (1)) o (3(1)).

Now ~ is a Lagrangian motion if and only if

o d(or, .\ oL,
B a5 (5560) = 556
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or equivalently
P . O0H

. d(oL .\ 0L, .  OH



Chapter 2

Symplectic spaces

2.1 Symplectic vector spaces

A synplectic form on a (real) vector space V' of finite dimension is a non-degenerate,
skew-symmetric, bilinear form w : V x V — R. This means that the map
©: V — V* defined by @(v)(w) = w(v,w), for v, w € V, is a linear isomorphism.
The pair (V,w) is then called a symplectic vector space.

Lemma 1.1. (Cartan) Let V' be a vector space of dimension n and w be a skew-
symmetric, bilinear form on V. If w # 0, then the rank of & is even. If dim@(V') =
2k, there exists a basis I*, 12,...,1°* of &(V) such that

k

w=Y A

=1

Proof. Let {v1,v2,...,u,} be a basis of V' and {v], v, ...,v:} be the corresponding
dual basis of V*. If a;; = w(v;,v;), i < j, then

w= E aijv; Avj.
i<j

Since w # 0, there are some 1 < ¢ < j < n such that a;; # 0. We may assume that
a1z # 0, changing the numbering if necessary. Let

1 1 &
= —a(v) =vi+—Y ajv},
a12 a12 7
1 12 3

n
? = &1(1)2) = —algvf + ZCLQJ"U;.
j=3
The set {I1,1%,v3,...,v}} is now a new basis of V*. If w; = w — I} A2, then

coy Up

@1(1)1) = algll — ll(vl)12 + ZQ(Ul)ll = a12l1 —0-— a12l1 = 0,

15
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O1(vg) =2 — M) > + P(w)l' =12 = 1> +0=0.

Thus, w1y is an element of the subalgebra of the exterior algebra of V' generated by
v3,.vk. If wp = 0, then w = I} A2 If wy # 0, we repeat the above taking wy
in the place of w. So, inductively, we arrive at the conclusion, since V' has finite

dimension. [

Note that as the proof of Cartan’s lemma shows, [? can be chosen to be any
non-zero element of w(V).

Corollary 1.2. If w is a skew-symmetric, bilinear form of rank 2k of a vector
space, then k is the mazximal positive integer such that w A ... Nw # 0 (k times).

Proof. Indeed from Cartan’s lemma, the (k + 1)-fold wedge product of w with itself
is equal to 0 and the k-foldis wA ... Aw =k-I' A.. AP #£0. O

By Cartan’s lemma, if (V,w) is a symplectic vector space of finite dimension,
there exists some n € N such that dim V' = 2n and there exists a basis {I!,12,...,1?"}

of V* such that .
w=Y A,
j=1

IFW <V, weset Wt ={veV:wwwv)=0 forevery w € W}. Obviously,
WL <V and (W) = {a € V*: aly = 0}, since & is an isomorphism.

Lemma 1.3. Let (V,w) be a symplectic vector space of dimension 2n and Wy, W,
W be subspaces of V. Then the following hold:

(a) dim W + dim W+ = dim V = 2n.

(b) Wt =w.

(c) W1 < Wy if and only if Ws- < Wit.

(d) Wit " Wik = (W + Wa)*.

Proof. (a) Let W° = o(W+). Since @ is an isomorphism, it suffices to show that
dim W° = 2n — k, where k = dimW. Let {wy,...,wa2,} be a basis of V such that
{wi, ..., wi} is a basis of W. Let {w],...,w3,} be the correspomding dual basis of
V*. If now a € W° < V* there are aq,...,as, € R such that

2n
a= Z a;w;
i=1
and then
2n
aj = Zaiw;k(wj) = a(w;) =0
i=1
for every 1 < j < k. This means that
2n

a= E a;w;

i=k+1
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and shows that {wj_ ,..., w3, } generates W°. Since {wj_ , ..., w3, } is also a linearly
independent set, it is a basis of W and hence dim W° = 2n — k.

(b) Evidently, W < WL and since dim W = dim W+, by (a), we have W =
WL,

(c) If Wi < W, then obviously Wi~ < Wit. Conversely, if W5t < Wi, then
from (b) we have Wy = Wit < Wit = W,

(d) From (c) we have (W + Wa)+ < Wit N W5k, On the other hand,

dim V = dim Wit + dim W3- — dim(Wi- N W3H)
= dimV — dim W + dim V — dim Wy — dim(Wi- N W)
from (a), and so
dim V = dim W, + dim Wy + dim(Wi- 0 W),
But dim V' = dim(W; + Wa) + dim(Wy + Ws)+, again from (a), and hence
dim V < dim Wy + dim Wey + dim(W; + W)t

It follows that dim(Wi N Wi) < dim(W; + Wa)t, which means that
(Wl—I-WQ)J‘:WlJ‘ﬂWQJ‘. O

Example 1.4. Let W be a vector space of dimension n. On W x W* consider the
skew-symmetric, bilinear form w defined by

w((w,a), (w',a)) = d(w) —aw).

If now @w(w,a) = 0, then 0 = w((w,a), (w',0)) = —a(w’) for every w’ € W. Thus
a = 0. Similarly, 0 = w((w,a), (0,a’)) = a/(w) for every ' € W*. Hence w = 0.
This shows that (W x W*, w) is a symplectic vector space.

Let (V,w) be a symplectic vector space of dimension 2n. A subspace W < V is
called

(i) isotropic, if W < W+, and then dim W < n,

(ii) coisotropic, if W+ < W, and then dim W > n,

(iii) Lagrangian, if W = W+, and then dim W = n, and

(iv) symplectic, if W N W+ = {0}, and then dim W is even.

For instance, in Example 1.4, the subspaces W x {0} and {0} x W* are
Lagrangian.

Proposition 1.5. Every isotropic subspace of a symplectic vector space (V,w) is
contained in o Lagrangian subspace.

Proof. Let W <V be an isotropic subspace, which is not Lagrangian itself. There
exists v € WL \ W. Then < v > is an isotropic subspace of V and therefore
<v><<wv >t NWt. By Lemma 1.3(c), W << v >+, and thus W << v >+ nW+,
since W is isotropic. From Lemma 1.3(d) we have now

<v>4W <<o >t Wt = (< v > 4W)H
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which means that < v > +W is isotropic. Since dim V is finite, repeating this
process we arrive after a finite number of steps at a Lagrangian subspace. [

On R?" = R" x (R™)* we consider the canonical symplectic structure w of Ex-
ample 1.4. Let (,) be the euclidean inner product on R?" and J : R?® — R?" be the
orthogonal transformation J(x,y) = (—y, ) for 2, y € R™. Then, J? = —id and

w((z,y), (@',y) = (J(z,y), (2", ¢)).

is any symplectic vector space of dimension 2n, there exists a basis
If v y symplecti t p f di ion 2n, th ist basi
{I1,12,...,12"} of V such that the symplectic form of V is

zn: NS
j=1

If now {e1, s, ..., e2,} is the canonical basis of R?", then the linear map sending I/
to e; is an isomorphism pulling the canonical symplectic structure w of Example
1.4 back to Z?Zl I A", This means that there exists only one symplectic vector
space of dimension 2n up to symplectic isomorphism.

A linear map f : R?" — R?" is called symplectic if f*w = w. If A is the matrix
of f with respect to the canonical basis, then

(Ju,w) = w(v,w) = w(Av, Aw) = (JAv, Aw) = (A'J Av, w),

for every v, w € R?". So, f is symplectic if and only if A'*JA = J. In particular,
det A # 0 and f is a linear isomorphism. The set symplectic linear maps

Sp(n,R) = {A € R . AL JA = J}

is now a Lie group and is called the symplectic group. To see that Sp(n,R) is a Lie
group, let F': GL(2n,R) — s0(2n,R) be the smooth map

F(A) = A'JA.
Then, Sp(n,R) = F~1(J) and it suffices to show that J is a regular value of F. The
derivative of F at A is Fya(H) = H'JA+ A'JH, H € R**?", Let A € Sp(n,R)
1
and B € so(2n,R). If H = —§AJB, since A'J = JA™!, then

H'JA+ A'JH = —%(JB)tJ + J(—%JB) = —%BtJtJ — %JzB =B.

This shows that Fi4 is a linear epimorphism. Hence Sp(n,R) is a Lie group with
Lie albegra
sp(n,R) = {H € R**?" . H'J + JH = 0}.

and has dimension 2n? 4 n.
Let h: C" x C" — C be the usual hermitian product defined by

h(u,v) = (u,v) + iw(u, v).
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Then, h(u, Jv) = (u, Jv)+i{Ju, Jv) = (Jtu,v)+i{u,v) = i{u,v)—{Ju,v) = ih(u,v).
If now A € GL(2n,R), then identifying R?" with C" we have

A € U(n) if and only if h(Au, Av) = h(u,v) for every u, v € R*?

if and only if (Au, Av) = (u,v) and w(Au, Av) = w(u,v) for every u, v € R*?

if and only if A € O(2n,R) N Sp(n,R)

if and only if JA = AJ and (Au, Av) = (u,v) for every u, v € R*"

if and only if A € O(2n,R) N GL(n,C)

if and only if (AJu, Av) = (JAu, Av) = (Ju,v) for every u, v € R??

if and only if A € Sp(n,R) N GL(n,C).
In other words,

O(2n,R) N Sp(n,R) = O(2n,R) N GL(n,C) = Sp(n,R) N GL(n,C) = U(n).

There is a symplectic version of the well known polar decomposition for the
general linear groups. If A € Sp(n,R), then

(AYIJA = AJA = AJJAT T = -7t =T

and
(ATAYJA'A = ATAJA'A = A'JA =T

and therefore A and R = A'A are also symplectic. Also R is symmetric and
RJR =Jor JR= R 'J and RJ = JR™!. Moreover, R is positive definite (with
respect to the euclidean inner product). So there exists a unique symmetric S such
that S%2 = R, and S € Sp(n, R), since

(=JS7t)?=—-JS2)=—-(JS*)) = —(JRJ) ' = —(-R"H)" =R
and so —JS~1J = S, by uniqueness. Now if U = AS~!, then
({Uz,Uy) = (S~ 'z, RS 1y) = (S~ 'z, Sy) = (x,y)

for every x, y € R?", since S is symmetric. Therefore, U € O(2n,R) N Sp(n,R) =
U(n) and we get the polar decomposition A = US. Since S is positive definite and
symmetric, S? is defined for all p > 0 and S¥/2" e Sp(n,R) for every k € N and
m € Z. Since Sp(n,R) is a closed subset of GL(2n,R) and {k/2™ : k € N and
m € Z} is dense in RT, we conclude that S € Sp(n,R) for every p > 0. It follows
now easily that U(n) is a strong deformation retract of Sp(n,R). In particular,
Sp(n,R) connected.

A n-dimensional subspace W < R?" is Lagrangian if and only if w|y = 0 or
equivalently J(W) is orthogonal to W with respect to the euclidean inner product
(,) = Reh. Let L(n) denote the set of all Lagrangian linear subspaces of R?". Thus,
the group O(2n,R) N GL(n,C) acts transitively on L(n) and the isotropy group
of the Lagrangian subspace R™ x {0} is the subgroup of U(n) consisting of real
matrices, that is O(n,R). Hence L(n) = U(n)/O(n,R) and so it has the structure
of a homogeneous smooth manifold of dimension

2n(n—1) n(n—-1) n(n+1)

di —di R) = — =
imU(n) —dimO(n,R) =n + ) ) )
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For every U € U(n) and A € O(n,R) we have det(UA) = detU - det A = +det U.
So, we have a well defined smooth function (det)? : L(n) — S!. Obviously, (det)?
is a submersion, and therefore a fibration, since U(n) is compact. Let now Uy,
Uy € U(n) be such that (det Uy)? = (det Us)?. There exists A € O(n,R) such that
det Uy = det(UsA) and therefore Uy (UyA)~! € SU(n) and

(UL (U24A)"HUA - O(n,R) = Uy - O(n, R).

Consequently, the group SU(n) acts transitively on each fiber of (det)? with isotropy
group SO(n,R). This shows that each fiber of (det)? is diffeomorphic to the homo-
geneous space SU(n)/SO(n,R), which is simply connected, since SU(n) is simply
connected and SO(n,R) is connected, by the homotopy exact sequence of the fibra-
tion

SO(n,R) — SU(n) — SU(n)/SO(n,R).

From the homotopy exact sequence of the fibration

SU(n)/SO(n,R) — L(n) = g1
we have the exact sequence
{1} =m(SU(n)/SO(n,R)) — m1(L(n)) — Z — mo(SU(n)/SO(n,R)) = {1}.

It follows that (det)? induces an isomorphism 1 (L(n)) = Z, and therefore also an
isomorphism on singular cohomology ((det)?)* : Z = H'(L(n);Z). The cohomology
class ((det)?)*(1) is called the Maslov class.

Remark 1.6. Note that det A = 1 for every A € Sp(n,R). Also if X is an eigenvalue
of A with multiplicity k, then

det(A — My,) = det(A" — Moy,) = det(J 1A — Ao, J) =
det(A™! — AIo,) = det A7 - det(Ia, — AA) = A?" - det(A — ilgn).

1
So X is also an eigenvalue of A of multiplicity k.

2.2 Symplectic manifolds

A symplectic manifold is a pair (M,w), where M is a smooth manifold and w is
a closed 2-form on M such that (T,M,w,) is a symplectic vector space for every
p € M. Necessarily then there exists a positive integer n such that dim M = 2n and
the n-fold wedge product w A ... Aw is a volume 2n-form on M. So M is orientable
and w determines in this way an orientation.

A smooth map f : (M,w) — (M’,w') between symplectic manifolds is called
symplectic if f*w' = w. If f is also a diffeomorphism, it is called symplectomorphism.

A submanifold N of M is called

(i) isotorpic if T, N is an isotropic linear subspace of T,M for every p € N and
then dim NV < n,
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(ii) coisotorpic if T, N is a coisotropic linear subspace of T, M for every p € N
and then dim N > n,

(iii) Lagrangian if T, N is an Lagrangian linear subspace of T),M for every p € N
and then dim N = n,

(iv) symplectic if T, N is a symplectic linear subspace of T,M for every p € N
and then dim N is even.

Example 2.1. For every positive integer n, the space R?" is a symplectic manifold,
by considering on each tangent space TPRQ" =~ R?" the canonical symplectic vector
space structure. If dzt, da?,..., dz™, dy', dy?,..., dy" are the canonical basic differ-
ential 1-forms on R?", then the canonical symplectic manifold structure is defined

by the 2-form
n
Z daz' A dy'.
i=1
The basic example of a symplectic manifold is the cotangent bundle.

Example 2.2. Let M be a smooth n-manifold and = : T*M — M be the cotangent
bundle of M. There exists a canonical differential 1-form 6 on T*M, called the
Liouville 1-form, defined by

0a(v) = a(mea(v))
where v € T,(T*M) and a € T*M. We shall find a local formula for 6. Let
(U,q",¢%, ...,q") be a chart on M and (7= *(U),q', 4>, ...,¢", p1, P2, ..., pn) be the cor-
responding chart on T*M. Then,

= 0 R 0
0] - = E 0(=—)dq" + E 0 dp;.
’ L) gt (aqz) q gt (apz) P
If now a = (¢*, 4%, ...,q", 1, P2, -, pn), then w*a(i) = 0, and therefore 6( 0 ) =0.
) ) ) ) ) ) ) ) apZ ) apl
Moreover,
0 0
(aql) G(ﬂ' a(aqz)) p

It follows that "
Oy = D pidd’.
i=1

The canonical symplectic structure on T*M is defined now by the closed 2-form
w = —df. Locally,

W1y = Z dq® A dp;
i=1

and so w is indeed non-degenerate. Note that w|7r—1(U) is the canonical symplectic
form on R?",

Another important example of a symplectic manifold is the complex projective
space, which is an example of a Kéahler manifold.
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Example 2.3. For n > 1 let CP™ denote the complex projective space of complex
dimension n and 7 : C"*1\ {0} — CP" be the quotient map. Recall that there is a
canonical atlas {(Vj,¢;) : 0 < j < n}, where V; = {[20, ..., 2n] € CP" : z; # 0} and

Zi 1 Zi4l
$il20, 2] = (2, L1, T,

The quotient map 7 is a submersion. To see this note first that ¢gom : 7= (Vy) — C"
is given by the formula
Z1 Zn
OT)(20y ey 2n) = (—, ey —).
(¢0 7[-)( 05 ) n) 207 ) 20
Let z = (20,...,2n) € 7 (Vo) and v = (v, ...,v,) € T,C""1 = C"*! be non-zero.
Then v = 4(0), where v(t) = z + tv, and

(¢Ooﬂ07)(t):<z1+tvl zn—i-tvn)

20 +tvg 7 20 + tug
so that
/ U1 2100 Un  Zn00
omo O)=1—-—— ..., — — .
(@nomoq)) = (2 -2 2 2]
This implies that v € Ker m,, if and only if [vg, ..., v,] = [20, ..., 2n]. In other words

Ker 7., = {A\z : A\ € C}. Obviously, for every (p,...,(,) € C" there exists v =
(v0, -y vy) € C™*L such that

P L
J 20 Zg

Since similar things hold for any other chart (V}, ¢;) instead of (Vj, ¢p), this shows
that 7 is a submersion.
Let h be the usual hermitian product on C**1. If

W, = {n € T.C"" : h(n, z) = 0},

then 7. |w, : W, — Tj;)CP" is a linear isomorphism for every z € C"*t1\{0}. Indeed,
for every v € T,C"*! there are unique A € C and n € W, such that v = Az + 7.

Obviously,
_ h(’U,Z) - h(vwz)

R R TP

The restricted hermitian product on W, can be transfered isomorphically by ., on
T[Z](Cpn. If now

911 (v, w) = Re h((mzlw.) ™ (v), (mez ) ™ (w))

for v, w € Tj,;CP™, then g is Riemannian metric on CP" called the Fubini-Study
metric. The scalar multiplication with the imaginary unit ¢ defines a linear auto-
morphism .J : W, — W, such that J? = —id and h(Jv, Jw) = h(v,w) for every v,
w € W,. Conjugating with . |w,, we get a linear automorphism Jj,) of Tp,,CP™
depending smoothly on [z], which is a linear isometry, such that J[2Z | = —id. In other
words, the Fubini-Study metric is a hermitian Riemannian metric.
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If we set wi;) (v, w) = gz)(J}.v, w) for v, w € T}, CP", then

Wi (w,v) = g (Jpw,v) = g1 (v, Jw) = =g (Jpv, w) = —wp (v, w).

So we get a differential 2-form on CP", which is obviously non-degenerate since J|;
is a linear isomorphism. To see that w is symplectic, it remains to show that it is
closed. This will be an application of the following general criterion.

Proposition 2.4. (Mumford’s criterion) Let M be a complex manifold and G be
a group of diffeomorphisms of M which preserve the complex structure J of M
and a complex hermitian metric h on M. If J, € p(G,) for every z € M, where
p: G, — Aulc(T, M) is the isotropic linear representation of the isotropy group G,
then the 2-form w(.,.) = Re h(J.,.) is closed.

Proof. Since every g € G leaves J and h invariant, it leaves w invariant and therefore
dw also. For g € G, and v, w, u € T, M we have

(dw)z(p=(9)u, p=(9)v, p=(9)w) = (dw)(u, v, w)

because p,(g) = g«». Since J, € p,(G,), there exists g € G, such that J, = p.(g)
and so
(dw) . (u, v, w) = (dw)(Ju, Jv, J,w) = (dw)z(JZZu, JZQU, wa)

= —(dw),(u,v,w).

Hence dw = 0. O

In the case of CP™ we apply Mumford’s criterion for G = SU(n + 1), since CP™
is diffeomorphic to the homogeneous space SU(n + 1)/U(n). The group SU(n + 1)
acts on CP" in the usual way and G|;) = SU(n + 1)) = U(W,). The isotropic
linear representation here p : SU(n + 1);;; — U(n) is precisely the above group
isomorphism, since we deal with complex linear transformations. It follows that
Jiz) = iln € U(W), and by Mumford’s criterion w is closed.

This concludes the description of the symplectic structure of complex projective
spaces. One can give a similar description of the symplectic structure of general
Kahler manifolds.

It should be noted that not every orientable, even-dimensional, smooth mani-
fold carries a symplectic structure. If (M,w) is a compact, symplectic manifold of
dimension 2n, then [w]" is a non-zero element of H#Y (M), the power taken with
respect to the cup product. Thus, [w] is a non-zero element of H? ,(M). It follows
that if M is an orientable, compact, smooth manifold such that H3,(M) = {0},
then M admits no symplectic structure. For example, the n-sphere S™ cannot be
symplectic for n > 2, as well as the 4-manifold S* x S3.

Having in mind the symplectic structure of the complex projective space we
give the following.

Definition 2.5. An almost symplectic structure on a smooth manifold M of
dimension 2n is non-degenerate, smooth 2-form on M. An almost complex structure
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on M is a smooth bundle endomorphism J : TM — T'M such that J? = —id.

The following proposition leads to vector bundle obstructions for a compact
manifold to be symplectic.

Proposition 2.6. A smooth manifold M of dimension 2n has an almost complex
structure if and only if it has an almost symplectic structure.

Proof. Let J be an almost complex structure on M. Let gg be any Riemannian
metric on M and g be the Riemannian metric defined by

9(v, w) = go(v, w) + go(Jv, Jw)
for v, w € T,M, p € M. Then,
9(Jv, Jw) = go(Jv, Jw) + go(J?v, J*w) = go(Jv, Jw) + go(—v, —w) = g(v, w).
The smooth 2-form w defined by
w(v,w) = g(Jv, w)

is non-degenerate, because w(v, Jv) > 0 for v # 0.

For the converse, suppose that w is an almost symplectic structure on M
and let again g be any Riemannian metric on M. There exists a smooth bundle
endomorphism A : TM — TM (depending on g) such that w(v,w) = g(Av,w) for
all v, w € T,M, p € M. Since w is non-degenerate and skew-symetric, A is an
automorphism and skew-symetric (with respect to g). Therefore, —A? is positive
definite and symmetric (with respect to g). So, it has a unique square root, which
means that there is a unique smooth bundle automorphism B : TM — T M such
that B2 = —A%. Moreover, B commutes with A. Then, J = AB~! is an almost
complex structure on M. [

If now M is a compact symplectic manifold of dimension 2n, it has an almost
complex structure. Hence its tangent bundle is the realification of a unique complex
vector bundle. In other words, the tangent bundle of M can be considered as a com-
plex vector bundle whose fiber has complex dimension n, to which correspond Chern
classes ¢, € H**(M;Z), 1 < k < n. The Chern classes are related to the Pontryagin
classes of the tangent bundle of M through polynomial (quadratic) equations, which
can serve as obstructions to the existence of a symplectic structure on M, since not
every compact, orientable, smooth 2n-manifold has cohomology classes satisfying
these equations. For instance, using these equations and Hirzebruch’s Signature
Theorem, one can show that the connected sum CP?# CP? cannot be a symplectic
manifold.

2.3 Local description of symplectic manifolds

Even though we have defined the symplectic structure in analogy to the Riemannian
structure, their local behaviour differs drastically. In this section we shall show that
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in the neighbourhood of any point on a symplectic 2n-manifold (M, w) there are
suitable local coordinates (q', ..., ¢", p1, ..., pn) such that

n
Wliocaty = »_ dg" Adp;.
i=1

This shows that in symplectic geometry there no local invariants, in contrast to
Riemannian geometry, where there are highly non-trivial local invariants. In other
words, the study of symplectic manifolds is of global nature and one expects to use
mainly topological methods.

The method of proof of the local isomorphy of all symplectic manifolds, we shall
present, is based on Moser’s trick.

Lemma 3.1. (Moser) Let M and N be two smooth manifolds and F : M xR — N
be a smooth map. For everyt € R let Xy : M — TN be the smooth vector field along
F, = F(.,t) defined by

0

Xi(p) = Ds
s=t

F(p, S) S TFt(p)N'

If (wi)ter is a smooth family of k-forms on N, then

d, . . dw . .
%(Ft wy) = Fy ((TJ +ix,dwy) + d(Fix,wy).

If moreover F; is a diffeomorphism for every t € R, then

d, ., . dw . .
£(Ft wy) = F} (d—tt + ix,dwt + dix,wt).
Note that if F} is not a diffeomorphism then X; is not in general a vector field

on N. The meaning of the symbol Fy*ix,w; will be clear in the proof.

Proof. (a) First we shall prove the formula in the special case M = N = P x R and
F, = 4, where ¢4(x,s) = (z,s +t). Then

wi = ds Aa(z, s, t)de® + bz, s, t)dz* T,

where ‘ ‘ ‘
a(x, s, t)da® = Z Qiyig...ip (T, 8, )dx" Ndx A ... A\ dx'*
11 <i2<...<lg
and similarly for b(z, s, t)dz**!. So ¢¥fw; = ds Aa(x,s+t,t)de" +b(x, s +t,t)dz*H
and

d % . da k ob k41
pm (Yfw) = ds A R (x,s+t, t)dz" + s (x,s +t,t)dx

+ds N\ %(x, s+ t,t)da® + %(x, s+ t,t)dxF L,

Obviously,

dwt

¢:(E) =ds A @(ac,s—l—t,t)d:rk—k %(m,s—i—t,t)dmkﬂ. (1)

ot
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On the other hand X; = 88 So ix,w; = a(x, s, t)dz* and
s

d(ix,w) = Z dagiy.. i (T,8,1) A dz™ Adz® A .. A dztt =
i1 <ig<...<ip

Oas i 4 . ,
Z <a“52““(x, s, t)ds Adx™ ANdx"™ A .. A dx't 4
11<i2<...<ig 5

3 Lg@;_ik dzi A dz™ A dx® A A dxi’“> .
X
je{i1<ia<...<ig}

We shall write for brevity
; da k k+1
d(ix,wy) = %(a:, s, t)ds N dx" + dya(z, s, t)dx" .

So
W dix,wr)) = %(1‘, s+ 1,0)ds A da® + dyalz, s + t, £)dz . 2)

Using the symbol d, in the same way, we have
k ob k+1 k+2
dwy = —ds N dza(z, s, t)dx” + g(l‘, s,t)ds A dx"™" + dgb(x, s, t)dz" T,
and thus
ol k1, Ob k1
Ui (ix,dw) = —dga(z, s +t,t)dz""" + %(x, s+t,t)dz"". (3)

Summing up now (1), (2) and (3) we get

* dw % 7/ %/ d *
Yy (aTtt) + i d(ix,wr) + V5 (ix,dwy) = @d’twt'

(b) The general case follows from part (a) using the decomposition F; = F o), o j,

where j : M — M x R is the inclusion j(p) = (0,p) and 1) is the same as in part
(a). Now we have

Xi(p)

0
F(p7 S) = F*(p,t) (85>( t)'
p’

If each F; is a diffeomorphism, then X; is a vector field on N and ¢x,w; is defined.
If not, the term F}(ix,w;) has the following meaning. By definition,

_9
- Os

s=t

Fy (i, 00)p (015 o0 0k —1) = (00) B ) (Xe(P)s (F)sp (01) s (Fy)up(VB-1)) =

0
(wi) Pty (Fa(p,t) <8) s Fpty(v1,0), 0y Fyppy (v—1,0)) =
5/ (p.t)

() 0000 (e 0) = oo (01,0) . (1,00 =
Pt
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7"t (g os F wi)p(v1, -y V1)
for vy,...,up—1 € TpM. Therefore, Fy(ix,wi) = j*i(ig/asF*wi) and similarly
FY(ix,dwt) = 791 (ig/0sd(F*wt)). Since j* does not depend on t, we have

a(Ft wt) =] @(%F wt)

and applying part (a) to F*w; we get

d * -k * d F*w * %k LN * * %k * - *
S Eren) = 56 ) b 32 Gogod () + 5 oo Fe) =
Sk ok Tk th K[ K[
F () 4 ) + d(E Gix0)) =
* dwy %/ - %/
F; (E) + F(ix,dwy) + d(F} (ix,w)). O

Corollary 3.2. Let X be a smooth vector field on a smooth manifold M. If w is a
differential form on M, then Lxw = ixdw + dixw.

Proof. If X is complete and (¢¢)er is its flow, we apply Lemma 3.1 for F} = ¢y,
M = N and w; = w and we have

q&fw = ide + din.
t=0

L XW = %
If X is not complete, then M has an open covering U such that for every U € U
there exists some € > 0 and a local flow map ¢ : (—€,¢) x U — M of X. Again we
apply Lemma 3.1 for F; = ¢, on U this time to get the desired formula on every
U €U, hence on M. I

We are now in a position to prove the main theorem of this section.

Theorem 3.3. (Darboux) Let wy and wy be two symplectic 2-forms on a smooth
2n-manifold M and p € M. If wo(p) = wi(p), there exists an open neighbourhood
U of pin M and a diffeomorphism F : U — F(U) C M, where F(U) is an open
neighbourhood of p, such that F(p) = p and F*wi = wy.

Proof. Let wy = (1 —t)wo+twi, 0 <t < 1. Since wi(p) = wo(p) = wi(p), there exists
an open neighbourhood U; of p diffeomorphic to R?" such that wy|y, is symplectic
for every 0 < ¢t < 1. By the lemma of Poincaré, there exists a 1-form a on Uy such
that wy — w1 = da on Uy and a(p) = 0. For every 0 < ¢ < 1 there exists a smooth
vector field Y; on U; such that iy,w; = a. Obviously, Y;(p) = 0 and the above hold

for every —e < t < 1+ ¢, for some € > 0. Now Y = (a—, Ys(p)) is a smooth vector
_ s

field on (—€,1 4 €) x Uy. If ¢y is the flow of Y, then ¢(s,z) = (s + ¢, fi(s, x)), for

some smooth f; : Uy — M. Therefore, ¢4(0,z) = (t, Fi(z)), where Fy : Uy — F;(Uy)

is a diffeomorphism. Since ¢.(0,p) = (0,p), that is F;(p) = p, there exists an open
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neighbourhood U of p such that F; is defined on U and Fy(U) C U; for every

oL,
0 <t <1. Obviously, Y; = a—tt and so from Lemma 3.1 we have

d, ., . dw . . .
%(Ft wy) = Fj (d—tt + iy, dwy + diy,wy) = F{ (w1 —wo + 0+ da) = 0.

Hence Fjw; = Fjwy = wp for every 0 <t <1, since Fy = id. UJ

Corollary 3.4. Let (M,w) be a symplectic 2n-manifold and p € M. There exists
an open neighbourhood U of p and a diffeomorphism F : U — F(U) C R*" such
that

wly = F*(Z dz' A dy').
=1

Proof. Let (W,v) be a chart of M with p € W, (W) = R*" and v(p) = 0.
Then the 2-form w; = (¥ ~!)*w on R?" is symplectic. Composing with a linear
transformation if necessary, we may assume that w;(0) = wp(0), where wq is the
standard symplectic 2-form on R?"”. By Darboux’s theorem, there exists an open
neighbourhood V' of 0 in R?" and a diffeomorphism ¢ : V — ¢(V) with ¢(0) = 0
and ¢*wy = wy. It suffices to set now F = ("t og)~ L. O

At this point we cannot resist the temptation to use Moser’s trick in order to
prove the following result, also due to J. Moser.

Theorem 3.5. (Moser) Let M be a connected, compact, oriented, smooth n-
manifold and wy, wy be two representatives of the orientation. If

[
M M

there exists a diffeomorphism f: M — M such that f*wi = wp.

Proof. For every 0 < t < 1 the n-form wy = (1 —t)wg + twp is a representative of the
orientation, that is a positive volume element of M. Since

/M (wo —w1) =0,

there exists a (n — 1)-form a on M such that wy —w; = da. There exists a unique
smooth vector field X; on M such that ix,w; = a. As in the proof of Darboux’s
theorem, there exists a smooth isotopy F': M x [0,1] — M with Fy = id and

OF;

ot’

because M is compact. Again from Lemma 3.1 we have

X =

d * *
%(Ft wt) = Ff(wy —wo — 0+ da) =0.

Hence Fjw; = wg for every 0 <t <1. O
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2.4 Hamiltonian vector fields and Poisson bracket

Let (M,w) be a symplectic 2n-manifold. A smooth vector field X on M is called
Hamiltonian if there exists a smooth function H : M — R such that ixw = dH. In
other words,

wp(Xp, vp) = vp(H)

for every v, € T,M and p € M. We usually write X = Xy and obviously Xy =
o Y(dH).
If M = T*R™ =2 R?>" with the canonical symplectic 2-form

n
w= Z dq" A dp;,
i=1

0 d ,
we have (Zz(a—qz) = dp; and JJ(@T)Z) = —dq'. Thus,

"O0H . ~0H “"/0H & OH 9
Xy=01 _dq" ——dp; | = A )
H= < 0q" dq +Z Oopi dp) Z <3pz’ 0¢*  0q¢ 3]02')

i=1 i=1 i=1
So the integral curves of Xy are the solutions of Hamilton’s differential equations

OH OH
= i=———, 1<i<n
op;’ b oqt =

-

q

According to Darboux’s theorem, this is true locally, with respect to suitable local
coordinates, on every symplectic 2n-manifold.

A smooth vector field X on M is called symplectic or locally Hamiltonian if
Lxw = d(ixw) = 0. In this case the lemma of Poincaré implies that every point
p € M has an open neighbourhood V diffeomorphic to R?" for which there exists a
smooth function Hy : V' — R such that ixw|y = dHy. From Lemma 3.1, we have

d
i = 97 (dlixw)),

and ¢jw = w, where ¢; is the flow of X. Thus X is locally Hamiltonian if and only
if its flow consists of symplectomorphisms.

A locally Hamiltonian vector field may not be Hamiltonian. As a simple example,
let M = S' x S' equiped with the volume element w such that 7*w = dx A dy, where
7 :R? — M is the universal covering projection. The smooth vector field

0
X =m(=—
m(5,)
is locally Hamiltonian, since locally 7*(ixw) = dy. But if j : S* — M is the
embedding j(z) = (1,z), then j*(ixw) is the natural generator of Hhp(S?) & R
and thus it is not exact. Therefore ¢ xw is not exact.
Two elementary properties of Hamiltonian vector fields are the following.
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Proposition 4.1. The smooth function H : M — R is a first integral of the
Hamiltonian vector field Xy .

Proof. Indeed Xy (H) =dH(Xp) = w(Xy,Xg)=0. 0

Proposition 4.2. Let (Mi,w1) and (Ma,ws) be two symplectic manifolds. A
diffeomorphism f : My — My is symplectic if and only if f«(Xuof) = Xu for every
open set U C My and smooth function H : U — R.

Proof. The condition Xy (f(p)) = fip(Xmos(p)) for every p € f~1(U) is equivalent
to

wa(f(P))(Xu (F(P)); fep(v)) = w2 f () (fep(Xn10f (1)), fip(v))

for every v € T, M, since wy is non-degenerate and f is a diffeomorphism. Equiva-
lently,

H(f () (fep(v)) = (f*w2)(P)(Xr105 (P), v)

ixposw1 = d(H o f) = f*(dH) = ix, (fws)

on f~Y(U). This is true, if f is symplectic. ~Conversely, if this holds, then
for every p € M; and u, v € T,M; there exists an open neighbourhood U of
f(p) in My and a smooth function H : U — R such that u = Xpor(p). So,
wi(p)(u,v) = (f*w2)(p)(u,v) for every u, v € T,M;. This means that f*ws =w;. O

If (M, w) is a symplectic manifold and F', G € C*°(M), then the smooth function
{F, G} = Z.XGZ'XFW S COO(M)

is called the Poisson bracket of F' and G. From Proposition 4.2 we obtain the
following.

Corollary 4.3. Let (M;,w1) and (Ma,ws) be two symplectic manifolds. A diffeo-
morphism f : My — My is symplectic if and only if

fHAE .Gy =AF"(F), f1(G)}
for every open set U C My and F, G € C(U).

Proof. Suppose first that f is a symplectomorphism and F', G € C*°(U), where
U C M, is an open set. Then

{F,G}(f(p) = w2(f () (Xr(f(P); Xc(f(P)))

= wa(f(p)) (fep(XFop(p), fep(Xaof(p)) = (f w2)(P)(XFor(p), Xciof(p))
= wi(p)(Xpof(p), Xaof(p)) = {F o f,G o f}(p).

Conversely, if {F,G}(f(p)) = {Fo f,Go f}(p) for every p € f~1(U) and every open

set U C My and F, G € C*(U), then

(f*w2)(P)(XFor (), Xcof(p)) = wi(p)(XFor(p), XGor(P))-
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But for every p € My and u, v € T,M; there exists an open set V C M; with
p e Vand F, G € C°(f(V)) such that Xpor(p) = v and Xgos(p) = v. So
(f*w2)(p)(u,v) = wi(p)(u,v). This means f*ws = wq. O

Corollary 4.4. Let X be a complete Hamiltonian vector field with flow (¢¢)ier
on a symplectic manifold M. Then ¢;{F,G} = {¢;(F),¢;(G)} for every F,
G € C®(M). If X is not complete, the same is true on suitable open sets.

Corollary 4.5. Let X be a complete Hamiltonian vector field with flow (¢¢)ier on
a symplectic manifold (M,w). Then

X{F, G} = {X(F), G} + {F, X(G)}

for every F, G € C°(M). If X is not complete, the same is true on suitable open
sets.

Proof. From Corollary 4.4 we have

X{FGh= 2| GH{FGr=—| {6i(F), (@)} = |  w(Xg ), Xy ()
=0 t=0 t=0
= d X X X d X
= w(ﬁ - o (k) Xa) +w(Xp, at o 97 (G)):
But J J d
I — X * = — » X * = - * F
w(dt . é:(F)) 7 tzow( 61 (F)) 7 t:0d¢t( )
d . N
=d(5| Gi(F) = dX(F) = 5(Xxm).
t=0
which means that J
dtLOX@(F) = Xx(p)-

Consequently,
X{F,G} = w(Xx ), Xg) + w(Xr, Xx@) = {X(F),G} +{F, X(G)}. O
It is obvious that for a symplectic manifold (M, w) the Poisson bracket
() OF (M) x (M) — C=(M)

is bilinear and skew-symmetric. Form Corollary 4.5 follows now that it satisfies the
Jacobi identity. Indeed, if F, G, H € C*°(M) then

{F,G} = (ix,w)(Xg) = dF (Xg) = Xa(F)
and thus {{F,G}, H} = Xg({F,G}). Consequently,

{F.G} HY = {Xu(F),G} +{F, Xu(G)} = ({F, H}, G} + {F,{G, H}}.
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This is the Jacobi identity and so the (C*°(M),{,}) is a Lie algebra.
There is a Leibniz formula for the product of two smooth functions with respect
to the Poisson bracket, because if F', G, H € C*°(M), then

(F-G.HY=Xp(F-G)=F-Xyg(G)+G Xpg(F)=F-{G,HY +G-{F,H)}.

Proposition 4.6. Let Xy be a Hamiltonian vector field with flow ¢r on a symplectic
manifold M. Then

4 (P o) ={Fos,H) = {FH)oo

for every F € C*(M).

Proof. By the chain rule, for every p € M we have

d

o (E 0 0)(p) = (dF)(6e(p)) X1 (de(p)) = {F, H}(¢1(p))

= {FO ¢t7H 0 (bt}(p) = {FO (bt’H}(p)a
since H is a first integral of Xy. O

Corolary 4.7. A smooth function F' : M — R on a symplectic manifold M is a
first integral of a Hamiltonian vector field X on M if and only if {F,H} =0. O

Let sp(M,w) and h(M,w) denote the linear spaces of the symplectic and
hamiltonian vector fields, respectively, of the symplectic manifold (M, w). We shall
conclude this section with a few remarks about these spaces.

Proposition 4.8. If X, Y € sp(M,w), then [X,Y] = =X, (xy). In particular,
(XFr, Xg| = —X(rqy for every F, G € C*°(M).

Proof. Indeed, ix y] = [Lx,iy]| and therefore
i[ny}w = Lx(iyw) — iy(wa) = d(ixiyw) + ix(d(iyw)) —0=
dw(Y, X)) +0 = —ix W

Since w is non-degenerate the result follows. [

Proposition 4.8 implies that sp(M,w) and h(M,w) are Lie subalgebras of the
Lie algebra of smooth vector fields of M. Moreover, h(M,w) is an ideal in sp(M,w)
since [sp(M,w),sp(M,w)] C h(M,w). If M is connected, we have two obvious short
exact sequences of Lie algebra homomorphisms

0—R—C®M) S bh(M,w) — 0,
where r(F') = —Xp for every F' € C*°(M), and

0 — h(M,w) — sp(M,w) — Hbz(M) — 0,
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which do not split in general. The first makes (C*°(M), {, }) a central extension of
h(M,w). In the second, we consider in H},,(M) the trivial Lie bracket.

Proposition 4.9. Let (M,w) be a compact, connected, symplectic 2n-manifold and
W'=wAwA ... Aw (n times).

(a) If X, Y € X(M), then w(X,Y)w" = —n -ixw Adyw Aw" 1.

(b) If F, G € C*(M), then

/M (F, G} = 0.

(¢) The set C°(M,w)={F € C>*(M) :/ Fw" =0} is a Lie subalgebra of
M
(C>(M),{,}) and C*(M) =R ® C5°(M,w).

(d) The short exact sequence of Lie algebra homomorphisms
0—R— C®M) 5 p(M,w) —0
splits.
Proof. (a) Since
0=ix(lywAw") =w(X,Y)w" —iyw Aixw"
and ixw™ =n-ixw Aw” !, we conclude that
WX, Y)w" =n-iyw AixwAw" L
(b) Using (a) and the fact that w" ! is closed, we have
{F,G}" = w(XF, Xg)w" = —n-ixpw Aixew Aw" ! =
—n-dF NdG AW = —n - d(FdG A W™ 1).

The conclusion follows now from Stokes formula.
(¢) From (b) follows immediately that C§°(M,w) is a Lie subalgebra of
(C®(M),{,})- Moreover, every F' € C*°(M) can be written as

r= ot e (7 o )

(d) If we define j : h(M,w) — C*°(M) by

1
(X)L n
J(Xr) vol(M) /M ’

then {j(Xr),j(Xc)} = {F,G} = j(—X(ray) = j([XF, Xg]), by Proposition 4.8,
and therefore j is a Lie algebra homomorphism. Obviously, r o j = id. [J
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2.5 Coadjoint orbits

Let G be a Lie group with Lie algera g and identity element e. The action of G
on itself by conjugation, i.e. 1y4(h) = ghg™!, g € G, fixes e and induces the adjoint
linear representation Ad : G — Aut(g) defined by

Ady(X) = (g)ue(X) = 2| glexptX)g"
t=0
Example 5.1. The Lie group SO(3,R) is compact, connected and its Lie algebra
50(3,R) is isomorphic to the Lie algebra of skew-symmetric linear maps of R with
respect to the Lie bracket [A, B] = AB — BA, A, B € R3*3.
On the other hand, the map ~ :R3 — s0(3,R) defined by

0 —v3 ()
0= V3 0 —U1
—V2 V1 0

where v = (v1,v2, v3), is a linear isomorphism and ©-w = v x w, for every v, w € R3.
This actually characterizes ~ . So we have

—

(W0 —0v0)w = t(vXw)—d(uxw) =ux (vXw)—vX(uxw) = (uXxv)xw = (u X V)w.
Thus, ~ is a Lie algebra isomorphism of the Lie algebra (R3, x) onto so(3,R).
Using this isomorphism we can describe the exponential map of SO(3,R).

Let w € R3, w # 0, and {ej,e2,e3} be an orthonormal basis of R? such that
e1 = w/||wl||. The matrix of & with respect to this basis is

0 0
0 -1
1 0

W = |[w]]

o o O

For t € R let y(t) be the rotation around the axis determined by w through the
angle t|jw||, that is

1 0 0
v(t) =10 cost|w| —sint|wl]
0 sintljw|| cost|wl|
Then,
0 0 0
() = |0 —[lwllsintfw]  —[lwlcost][w]] | =) = (Ly))srs (@) = X (7(2)),
0wl costhul| —lluwlsint|u

where L. ;) denotes the left translation on SO(3,R) by 7(¢) and Xy, the left invariant
vector field on SO(3,R) corresponding to w. In other words, 7 is an integral curve
of Xy with v(0) = I5. It follows that exp(tw) = ~(t) for every t € R.
For every A € SO(3,R) and v € R3 we have now
d

Ady(0) = % Alexp(td))A™ = 7 Ay(t) A7 = Ay(0)0A™! = AvATL
t=0 =0
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Thus,
Adg(d)w = Ad(A 7 w) = A(v x A7 w) = Av x w

for every w € R3, since det A = 1. Hence Ad(?) = ;17), and identifying R? with
s0(3,R) via ~ we conclude that Ady = A.

Let now ad = (Ad). : g — TcAut(g) = End(g), that is

ady = (Ad)se(X) = %

Adexp(tX )
t=0

for every X € g. If we denote by X, the left invariant vector field corresponding to
X and (¢¢)ser its flow, then for every Y € g = Tyg we have

d d
adX(Y) = % Adexp(tX) (Y) = & ('(/)exp(tX))*e(Y) =
t=0 t=0
d d
% (Rexp(ftX) ° Lexp(tX))*e(Y) = % (Rexp(ftX))* exp(tX) © (Lexp(tX))*e(Y) =
t=0 t=0
d d
% (Rexp(—tX))* exp(tX) (YL(GXp(tX)) = % (Qbft)*qbt(e) (YL(¢t(e)) = [Xa Y]7
t=0 t=0

since ¢1(g9) = gexp(tX) = Rexpx)(g) for every g € G, where R denotes right
translation.

As usual, the adjoint representation induces a representation Ad* : G — Aut(g*)
on the dual of the Lie algebra defined by Adg(a) = a o Adg-1, a € g*, which is
called the coadjoint representation of G.

Example 5.2. Continuing from Example 5.1, we shall describe the coadjoint rep-
resentation of SO(3,R). The transpose of the linear isomorphism ~  induces an
isomorphism from so(3,R)* to (R3)* and the latter can be identified naturally with
R3 via the euclidean inner product. The composition of these two isomorphisms
gives a way to identify so(3,R)* with R and then, for every v, w € R? we have
0*(w) = (v,w), where v* is the dual of v and (,) is the euclidean inner product.
Now

A (%) (1) = 0" (Ad g1 (1)) = (v, A~ "w) = (Av,w),

for every A € SO(3,R), since the transpose of A is A~1. This shows that Ad% = A
via the above identification. Note that the orbit of the point ©* € s0(3,R)* = R3 is
the set {Av: A € SO(3,R)}, which is the sphere of radius ||v|| centered at 0.

The orbit O, of u € g* under the coadjoint representation is an immersed
submanifold of g*, since the action is smooth. If G, is the isotropy group of i, then
the map Ad*(u) : G/G, — O, taking the coset gG,, to po Ad,-1 is a well defined,
injective, smooth immersion of the homogeneous space G/G,, onto O, C g*. If the
Lie group G is compact, then O, is an embedded submanifold of g* and the above
map an embedding. If however G is not compact, O, may not be embedded.
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Lemma 5.3. If u € g%, then the tangent space of O, is

1,0, ={poadx : X € g}.

Proof. Let v : R — G be a smooth curve with 4(0) = X. For instance, let v(t) =
exp(tX), in which case v(t)™! = exp(—tX). Then u(t) = po Ad, ;-1 is a smooth
curve with values in O, C g* and p(0) = p. If Y € g, then p(t)(Y) = p(Ad, -1 (Y))
for every t € R and defferentiating at 0 we get

P (0)(Y) = p(ad—x)(Y)) = —p(adx (V)),

taking into account the natural identification T}, g* = g*. [J

Example 5.4. In the case of the Lie group SO(3,R), for every v, w € R3 2 50(3,R)
and p € R3 = 50(3,R)* we have

pu(ads (@) = (1,0 x w) = x v, w).

It follows that 7,0, = {p xv:v € R3}, which is indeed the orthogonal plane to pu,
i.e. the tangent plane of the sphere of center 0 and radius ||u| at p.

The proof of Lemma 5.3 shows that for every X € g, the fundamental vector
field X g« of the coadjoint action induced by X is given by the formula

d .
Xg-(p) = — Adexp(tX)(U) = —poady.

Cdt|,_,
Obviously, 7,0, = {Xg(n) : X € g}. Note that if X, X’ € g are such that
Xg- (1) = X/ (1), then

—u([X,Y]) = Xge () (V) = Xg= () (V) = —p([X",Y])

for every Y € g. So there is a well defined 2-form w™ on the coadjoint orbit O = O,
such that

wy, (Xgr (p), Yg= (1) = —p([X, Y])

for every p € O and X, Y € g. We call w™ the Kirillov 2-form on O.

The Kirillov 2-form w™ is non-degenerate, because if w, (Xg (1), Yg= (1)) = 0
for every Yy« (1) € T,,0, then Xg«(p)(Y) = —p([X,Y]) = 0 for every Y € g. This
means Xg+(p) = 0. In order to prove that w™ is symplectic, it remains to show that

it is closed. For this we shall need a series of lemmas.
First note that Ady[X,Y] = [Ady(X),Ad,y(Y)] for every X, Y € gand g € G.

Lemma 5.5. (Ady(X))g = Adgo Xg 0 Ad, for every X € g and g € G.

Proof. Let v : R — G be a smooth curve §(0) = X. For instance v(t) = exp(tX),

and then
d -1

Ady(X) = 7 gy(t)g
t=0
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Therefore,

d

* d * * *
(Ady(X))ge (1) = — t_OAdm(t)g,l () =2 t_O(Adg o Ad! () o Ad!-,)(u)

= (Adg o Xgr 0 Ady 1) (p). O
Lemma 5.6. The Kirillov 2-form is Ad*-invariant.

Proof. Let p € g* and v = Ad, (1), g € G. By Lemma 5.5,
(Adg(X))g (v) = Adg(Xg+ (1))-
Thus, for every X, Y € g we have
(Adg)*w™)u(Xg(p), Yo (1) = w,, ((Adg(X))g (v), (Adg(Y)) g+ ()
= —v([Ady(X), Ady(Y)]) = —v(Ady[X,Y]) = —p([X,Y])
= w,, (Xg+ (1), Yo (). O

For every v € g* we have a well defined 1-form vz, on G such that
(vL)g =vo(Lg1)e € T G.
Moreover, vy, is left invariant, because for every h € G we have
(Live)g = L)L, (g) © (Ln)xg = v © (Lg=1-1)shg © (L )+g)

=v o (Lg-1p-10Lp)sg =v1(9)-

Obviously, ix, vz, is constant and equal to v(X) for every X € g.
Let v € O and ¢, : G — O be the submersion ¢,(g) = Ady(v). The 2-form
o = ¢;w™ on G is left invariant, because

Ly = (6 0 Ly)w™ = (Ad 0 6,)"w™ = $1((Ad2)"w™) = gjw~ =0
for every g € G, since w™ is Ad™-invariant and ¢, o Ly = Adg o ¢,.
Lemma 5.7. For every X, Y € g we have 0(X,Yr) = —vr([ X1, Y1)).
Proof. First we observe that
(Gow™)e(X,Y) = w, ((90)se(X), (@1)4e(Y)) = w, (Xg=(v), Yg= (v)) = —1([X, Y]).
Therefore,
o(X1,Yr)(e) = (dpw™)e(X,Y) = —([X,Y]) = v ([XL, Y])(e).

Since the smooth functions o(Xr,Yr), —vi([X1,Yz]) : G — R are left invariant
and take the same value at e, they must be identical. [
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Note that

(dvp)(Xp,Yr) = Xp(vp(Ye)) — Yo(ve(Xr)) — ve([Xz, Yi]) = —vi([XL, Y1),

since the functions vy (Yr) = iy, vr, and v, (X) = ix, v are constant.
Lemma 5.8. The 2-form o is exact and o = dvy,.

Proof. Since o is left invariant, for any two smooth vector fields X, Y on G we have

o(X,Y)(9) = (Ly10)g(X(9),Y(9)) = 0e((Lg-1)xg(X(9)); (Lg-1)x(Y (9)))
=o(X7,Y])(e) (setting X' = (Ly—1)+¢(X(g)) and similarly for Y”)
= (dvp)(X},Y])(e) (by Lemma 5.7)
= (dvr)g((Lg)we(X'), (Lg)se(Y")) (since vy, is left invariant)
= (dv1)y(X(9),Y(9)) = (dv)(X,Y)(g). O

Proposition 5.9. The Kirillov 2-form w™ on O is closed and therefore symplectic.

Proof. By Lemma 5.8, d(¢jw™) = do = d(dvr)) = 0. Hence ¢} (dw™) = 0. But ¢}
is injective, since ¢, is a submersion. It follows that dw™ = 0. [

Corollary 5.10. FEvery orbit of the coadjoint action of a Lie group G on its dual
Lie algebra g* has even dimension. [

We shall end this section with a couple of illustrating examples.

Example 5.11. As we saw in Example 5.2, if u € s0(3,R)* = R?, then O, is the
sphere centered at 0 with radius ||u. Let v, w € 50(3,R) 2 R3. Then vgs = uxv €
71,0, and wgs = p x w € T,0,. Hence the Kirillov 2-form on O, is given by the
formula

w, (Vgs, wg3) = —(p,v X w).

Since O, is a sphere, its area element is given by the formula
dA(v,w) = (N,v x w),

where N is the outer unit normal vector. It follows that
1 1
dA(p X v, p X w) = (mu, (1 xv) x (uxw)) = (mu, (Ho X w)o = (v, pp X w)p)

= —||pl[{v, p x w) = [|p|[{p, v x w),

where we have used the property (a x b) x ¢ = (a, c)b— (b, c)a of the vector product

in R3. This shows that 1
w- =——-dA.
[ ]
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Example 5.12. The connected Lie group of the orientation preserving affine trans-
formations of R is represented as a group of matrices by

G:{<g l{):a>0,b€R}.

Its Lie algebra is
g:{x g cx,y € R} 2 R?
0 0 ’

with Lie bracket [A, B] = AB — BA. The exponential map is computed as follows.
Let z, y € R with z # 0. Let v : R — G be the smooth curve defined by

() = (xgtiv y(étz> _ (e(t):c %(6”1— 1)) (fé g) = (Ly))s <g g)

This shows that if

then exp(tW) = ~(t). If now

then

d
t=0

So the orbit of W under the adjoint action is the line

{(g 8) .t € R},

when z # 0. If x = 0 and y > 0, it is the upper half-line, and if y < 0 it is the
lower half-line. We see now that the adjoint representation cannot be equivalent (in
any sense) to the coadjoint representation, since the orbits of the latter have even
dimension. In the sequel, we shall find the orbits of the coadjoint representation
and the Kirillov 2-form.

Let 4 € g* = R?, the isomorphism given by euclidean inner product. This means
that if p = (a*, 5%), then u(W) = a*x 4+ *y. So,

0 0

Ay(D) A~ = AW A = (‘” ay ~ bx) .

AdY 1 () (W) = p(Ada(W)) = o™z + % (ay — bx) = (o — %)z + B ay
which implies that Ad%_, (o*, %) = (o — %D, *a). Therefore,

O, ={(a" = p%,5%):a>0,beR}
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for p = (a*, 5*), as before.

If 3* # 0, then for 8* > 0 the coadjoint orbit O, is the open upper half plane
and for §* < 0 it is the open lower half plane. For 5* = 0 we have O, = {(a*,0)}.
In the case 3* # 0, the Kirillov 2-form w™ on O, satisfies

i (W) W2)g) = =07 W) = = (O ) — = ),
where
W = <””f; ‘7{;), j=12
since
(W, W = <8 T1Y2 8 x2y1> ‘
Consequently, w™ = —g*da™ A dF*.

2.6 Homogeneous symplectic manifolds

Let g be a (real) Lie algebra and let A*(g), k& > 0, denote the vector space of all
skew-symmetric covariant k-tensors on g. For every k > 0, let 6 : A¥(g) — AF*1(g)
be the linear map defined by

(6W)<X0,X17 7Xk> = Z (_1)l+]w([X17Xj]7X07 te X’ia ~-'7Xj7 7Xk)
1<j

For k =0, we have § =0, and for £k = 1 we have
((5w)(X0,X1) = —w([Xo,Xl]).

A standard computation shows that § o § = 0. Let Z*(g) = A¥(g) N Kerd and
B¥(g) = A*(g) NImé. The quotient H*(g) = Z*(g)/B*(g) is called the Lie algebra
k-cohomology of g. Obviously, H’(g) = {0}.

Let G be a Lie group with Lie algebra g. Then Al(g) = g*. For every k > 0
the space AF(g) can be identified in the obvious way with the vector space of
left invariant differential k-forms on G. The adjoint representation induces a left
action Ad* on A¥(g), which for k = 1 is just the coadjoint representation. So
Adg(0) = (Adg-1)"0, for 0 € AF(g). It is evident that Z*(g) is an Ad*-invariant
subspace.

Lemma 6.1. Let G be a Lie group with Lie algebra g. If H'(g) = {0} and
H?(g) = {0}, then the Ad*- actions of G on g* and Z*(g) are isomorphic.

Proof. Since H?(g) = {0}, for every § € Z%(g) there exists u € g* such that Ju = 6.
On the other hand, since H'(g) = {0}, we have Z!(g) = B'(g) = §(A%g)) = 0.
Thus, if 5 = 0, then p = 0. It follows that J : g* — Z2(g) is an isomorphism. It is
obvious that ¢ is Ad*-equivariant. [J
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Let now (M, w) be a symplectic manifold, G a Lie group and ¢ : G x M — M a
smooth, symplectic action. Let ¢4 = ¢(g,.) and ¢ = ¢(.,p) for g € G and p € M.
Then, ¢go0¢? = ¢P o L, and ¢P9P) = ¢P o R,. The closed 2-form (¢P)*w on G is left

invariant, because

(Lg)"((¢¥)w) = (6" 0 Lg)*'w = (¢g 0 ¢*)"w = (¢")"((¢g)"w) = (¢")"w,

since ¢, is a symplectomorphism. Let ¥ : M — Z2(g) be the smooth map defined
by

U(p) = ((¢") w)e-

Since (¢P)*w is left invariant, ¥ is equivariant. Indeed,

(9PN w)e = (@7 © Rg)*w)e = (R5((¢7)"w))e = (Ady-1)*((¢")*w)e.

In case the action is transitive, then W(M) is precisely one orbit in Z2(g). Recall
that if the action is transitive, then M is diffeomorphic to the homogeneous space
G/H, where H is the isotropy group of any point of M.

Proposition 6.2. Let G be a Lie group with Lie algebra g. If H'(g) = {0}
and H?*(g) = {0}, then for every 6 € Z?(g) there erists a homogenous symplectic
G-manifold M such that ¥(M) = Oy, where Oy is the orbit of 6 under the
Ad*-action of G on Z*(g).

Proof. Let 01, denote the left invariant 2-form on G defined by €. According to
Lemma 6.1, there exists a unique p € g* such that du = 6. Let G, be the isotropy
group of p under the coadjoint representation. Then,

Gu={9€G:Adiu=p}={g€G:(Ly10Ry) us = pr}

={9€G:(Ry)'pL = pr}

If X € g, the flow (¢4)cr of X, is given by the formula

Yi(g) = gexp(tX) = Rexp(ex)(9)-

It follows that the Lie algebra of G, is g, = {X € g: Lx, pur, = 0}. But ix, pr is a
constant function, and therefore Ly, ur, =ix, (dur) =ix,0r. So,

gM:{Xeg:iXLHL:O}.

Let Hg be the connected component of G, wich contains e. The Lie algebra of Hy
is g,, and of course Hy is a closed Lie subgroup of GG. Recall that the homogeneous
space M = GG/ Hy becomes a smooth manifold in a unique way such that the quotient
map 7 : G — M is smooth and it has local cross sections. In particular 7 is a
submersion.

Every g € G is contained in the domain U of a chart (U,z! 22, ....2™) of
G, where m = dim(G, which maps U diffeomorphically onto R™, such that
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(n(U),z', 22, ...,2") is a chart on M, where m —n = dim Hy, and in these local coor-

dinates 7(x!, 22, ...,2™) = (z!, 22, ....,2™). There are smooth functions aij : U — R,

1 <i < j < m,such that

HL’U = Z aijd:):i A da?.

1<i<j<m

0

The tangent space of the submanifold gHy of G at g has basis { T a—m}
x

Since HL(aa ) =0 for n <1 < m, it follows that

Z aljdscj — Z agdz® = 0.

I<j i<l

Therefore a;; = 0, when i > n or j > n, which means that

QL’U = E aijdxl/\d:v]
1<i<j<n

and then

=d(oL) = > <Z 8% dzx ) Adzt A da?.

1<i<j<n =1

i
Hence 8—7 =0 for n < [ < m, and so the functions a;; do not depend on the
z

coordinates z™t1, ..., z™. This implies that 67, descends to a well defined 2-form 6y,
on w(U) given by the same formula. It is standard and easy, but somewhat tedious,
to show that there is a well defined closed 2-form w on M such that 7*w = 07, and
W) = 0r. Moreover, w is non-degenerate, because @y (g)(Teg(v)) = 0 if and only
if (A)4(v) = 0 or equivalently v € T,(gHy), that is m.(v) = 0. So we have so far
shown that (M,w) is a symplectic manifold.

Let ¢ : G x M — M be the natural transitive left action of G on M so that
¢g(hHy) = (gh)Hy, g € G. Then ¢4 0m = mo L, and therefore

T (Pyw) = (¢gom)'w = (mo Ly)'w = Ly(r"w) = L0 =0 = " w.

Since 7 is a submersion, 7 is injective in the level of forms, and hence pw = w.
This shows that the action is symplectic. In order to complete the proof, it remains
to show that W(M) = Oy. If p = gHp € M, then ¢ = mo R, and for every X,
Y € g we have

Y(p)(X,Y) = ((¢")"'w)e(X,Y) = wr(g) (Mg ((Rg)se(X)), Tag (Rg)se(Y)))

= (T"w)g((Rg)xe(X), (Rg)se(Y)) = (01)g((Rg)xe(X), (Rg)se(Y))
=0((Lg—1 0 Rg)se(X), (Lg-10 Ry)se(X)) = Ady(0)(X,Y).
In other words W(gHy) = Ady(0) for every g € G and therefore W(M) = Oy. [
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Let again 6 € Z?(g) and suppose that (M, w) is a symplectic manifold, on which
the Lie group G with Lie algebra g acts transitively, symplectically and such that
V(M) = Op. Then M is diffeomorphic to the homogeneous space G/H, where H
is the isotropy group of any point of M and necessarily 0, = (¢”)*w, where p € M.
The Lie algebra of H is

h={X €g:ix6 =0},

If Hy is the connected component of H which contains e, then W(G/Hy) = Oy, as the
proof of Proposition 6.2 shows. The homogeneous space G/Hy is a covering space
of M. These show that if M amd N are two homogeneous, symplectic G-manifolds
with (M) = W(N), then N is a covering space of M or vice versa.

Summarizing the results of this section, we have proved the following.

Theorem 6.3. (Kostant-Souriau) Let G be a Lie group with Lie algebra g such
that H'(g) = {0} and H?(g) = {0}. Then, up to covering spaces, the homogeneous,
symplectic G-manifolds are in one-to-one, onto correspondence with the coadjoint
orbits in g*. O

Before we end this section, we need to make some remarks about the assumptions
in the Kostant-Souriau theorem. If GG is a compact, connected Lie group with Lie
algebra g, then H*(g) is isomorphic to the k-th deRham cohomology, and so to the
k-th real singular cohomology H*(G;R) of G for every k > 0. Moreover, in this
case the condition H'(G;R) = 0 implies that H?(G;R) = 0 also. For example,
the special orthogonal group SO(3,R) is a compact, connected Lie group and is
diffeomorphic to the 3-dimensional real projective space RP3. Therefore, its Lie
algebra so(3,R) satisfies the assumptions of the Kostant-Souriau theorem.

2.7 Poisson manifolds

In this section we shall describe an algebraic foundation of mechanics. A Poisson
algebra is a triple (A, {,},-), where the pair (A, {,}) is Lie algebra, while at the
same time A is a commutative ring with a unit element and multiplication -, such
that we have a Leibniz formula

{frg-hy=h-{f,g} +g-{f h}

for every f, g, h € A. From section of 2.4 follows that if (M,w) is a symplectic
manifold, then (C*°(M),{, },) is a Poisson algebra, where {, } is the Poisson bracket
with respect to w and - is the usual multiplication of functions. A map ¢ : A — B of
Poisson algebras is called a homomorphism if is a Lie algebra homomorphism and
a homomorphism of commutative rings with unit element.

The Leibniz formula says that for every f € A the linear map ady : A — A with
ads(g9) = {g, f} is a derivation. It is called the Hamiltonian derivation defined by
f- An f € Ais called a Casimir element if {f, g} = 0 for every g € A. For example,
the unit 1 € A is a Casimir element, since

{fal}:{f?l'l}:1'{fa1}+1'{f71}:2{f71}:0
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for every f € A. A Poisson algebra A is called non-degenerate if every Casimir
element of A is of the form ¢-1, t € R.

A Poisson manifoldis a smooth manifold M together with a Poisson structure on
the ring of smooth functions C*°(M). So the Poisson structure on M is completely
determined by the Lie-Poisson bracket {, } on C*°(M). If (U, !, 2?%,...,2™) is a chart
on M, since ad; is a derivation of C°°(M), it is a smooth vector field on M. So,

- 0
adgly = Z{xk,f}@
k=1
For every f, g € C°°(M) we have

B n dg " i Gg o, 3f 09

7,k=1

It follows that the Poisson structure on M is determined by a contravariant, skew-
symmetric 2-tensor W, which is called the structural tensor of the Poisson structure.
For every p € M, the skew-symmetric, bilinear form W), : TyM x T;M — R is
determined by the structural matrix ({27 ,xk})lgjykgn. Its rank is called the rank
of the Poisson structure at p.

Proposition 7.1. The Poisson structure of a Poisson manifold M is defined by a
symplectic structure on M if and only if the structural matriz is invertible at every
point of M.

Proof. Let (M,w) be a symplectic manifold and {, } be the corresponding Poisson
bracket. Then the Poisson tensor is given by W (df,dg) = w(Xy, X,), where X; and
X, are the Hamiltonian vector fields with Hamiltonian functions f, g € C*(M),
respectively. Let f be such that W(df,dg) = 0 for every g € C°°(M). Since Ty M
is generated by {(dg)(p) : g € C*°(M)} for every p € M and w is non-degenerate,
TpM is generated by {X4(p) : g € C®°(M)}. It follows now that X¢(p) = 0 for
every p € M. Therefore, df = 0 on M. This shows that the structural matrix
is invertible. If M is connected, the Poisson structure is also non-degenerate. For
the converse, let M be a Poisson manifold, such that the structural matrix W is
everywhere invertible. For f € C*°(M) put Xy = ady. We define

w(Xy, Xg) = {f,9} = W(df,dg) = df (Xg).

Since T,y M is generated by {(dg)(p) : g € C*°(M)} and W is invertible, it follows
that w is a non-degenerate 2-form and it remains to show that w is closed. For this,
we observe first that

(X7, Xo](h) = X3 (Xy(h)) = Xo(Xp(h)) = X ({h, 9}) = Xy({R, [})

= {{hag}a f} - {{h7 f}7g} = _{h7 {fag}} = _X{f,g}(h)
for every h € C°°(M). Consequently,

dW(XfngaXh) = Xf(W(ngXh)) - Xg(W(vaXh» + Xh(w(XﬂXg))
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—w([Xy, Xgl, Xn) +w([X5, Xnl, Xg) — w([Xg, Xn], X)
2{{f. g}, n} + {Hg.h}, f} + {{h. f},9}] =0. O

Example 7.2. Let (g,[,]) be a (real) Lie algebra of finite dimension n and g* be its
dual. Since g has finite demension, the double dual g** is naturally isomorphic to
g, and so their elements can be identified. For f, g € C*°(g*) let {f,g} € C*(g*)
be defined by

{f, 9} (1) = pldf (1), dg(p)]

for u € g*. It is obvious that the bracket {,} is bilinear and skew-symmetric.
Moreover, the Leibniz formula holds, since it holds for d. In order to have a Poisson
manifold, it remains to verify the Jacobi identity. If {x1,x9,...,z,} is a basis of
g, then x1, x9,...,xz, can be considered as (global) coordinate functions on g. If f,
g € C*(g*), then

- 0 a

2,j=1

Since {zj, z;} (1) = pldxi(p),dr;(pn)] = plas, x;] for every p € g*, it follows from
the Jacobi identity on g, that it also holds for {,} on the the set {x1,z2,...,2,}. In
general, if f, g, h € C*°(g*) note first that

= of
;{ﬂfkaﬂ%}{a T} = Z {ﬂfk,%}{fflv%}ax i

k,l=1

- 0
IR s B =3 (o) )

k=1

Now we compute

of 0O0g Oh
{f. g}, h} = ;l{{%,%} fﬂk}ax 873,’] Oxn
8h ag oh Of
+ Z {xzv%}{ RELE - Z {xl,a:j}{ 5 Tk 87 G
7.]7k 1 jk 1 ¢
Similarly,
8f 0g Oh
{Hg.h}, f} = Z ), ok}, xz} 87% dar
i,5,k=1
YT oh .09 of
T Z {xmxk}{ 9z Ox; Z {xjvxk}{ L Ly (%Uj ot;
7.]k 1 ,],k 1
and

{{h, f}.9} = Z {{wp, 2}, xﬂ}axz gi_ oh

ox
1,J,k=1 k
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+ Z {mk,l‘z}{ 7 ]}88 69@ Z {xk,mz}{ }0:U gxg
irjik=1 bogk=1 k J
Summing up we get
{{/.9%.h} +{{g,n}, [} +{{h, [}, 9} =
Z (Haz“x]} it + {{zj, xr}, it + {{zk, i}, x]}> ai gﬂi gai —0.

i,5,k=1
In this way g* becomes a Poisson manifold.

If M7 and Ms are two Poisson manifolds, a smooth map h : My — My is called
Poisson if h* : C*°(My) — C*°(Mj) is a homomorphism of Poisson algebras.

Let M be a Poisson manifold. For every f € C°(M), the smooth vector
field X corresponding to the Hamiltonian derivation ady = {., f} is called the

Hamiltonian vector field of f. This definition agrees with the definition of section 4
in case M is symplectic.

Proposition 7.3. Let M be a Poisson manifold and Xy be a Hamiltonian vector
field on M with Hamiltonian function f € C*(M). Let ¢ : D — M be the flow of
Xy, where D C R x M is an open neighbourhood of {0} x M.

(i) If g € C°(M), then

9090 ={g,/Yo b =900}

(i) fodr=f
(i11) The flow of the Hamiltonian vector field Xy consists of Poisson maps.

Proof. (i) If p € M, then on the one hand

3 (9060 = Xp(9)(6:(0)) = (9. £} (61(0)
and on the other hand
4 (996 = 0.0 () X10) = (9000 (X1 (0) = X1(g000) ) = {00, T}

(ii) This is obvious from (i) taking g = f.
(iii) Let g1, g2 € C°(M) and let g € C*°(D) be defined by

9(t,p) = {91 0 b1, 92 0 o }(p) — {91, 92} (e (p)).-
From (i) and the Jacobi identity we have

0 {2 (01000).9206)0) + (91 0 61, (020 80} 0) — - {gn, 2} n(p)) =

{{gl O¢taf}7g2 o (bt} + {gl © ¢t7 {92 O¢taf}} - {{91792} o ¢t7f} -
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{9t, 1= Xy(gr),

where as usual g; = ¢(¢,.), and ¢(0,p) = 0. By uniqueness of solutions of ordinary
differential equations, we must necessarily have g(t,p) = 0 for all ¢ such that
(t,p) e D. O

If h : My — My is a Poisson map of Poisson manifolds and f € C°°(Ms), then
hap(Xpe(5y(p)) = Xy (h(p)) for every p € M;. Therefore, h transforms integral curves
of Xp«(py in My to integral curves of Xy on Mo.

If M is a Poisson manifold and N C M is an immersed submanifold, then N
is called a Poisson submanifold if the inclusion ¢ : N — M is a Poisson map. On
every Poisson manifold M one can define an equivalence relation ~ by setting p ~ ¢
if and only if there is a piecewise smooth curve from p to ¢ whose smooth parts are
pieces of integral curves of Hamiltonian vector fields of M. The equivalence classes
are called the symplectic leaves of the Poisson structure of M. We shall prove that
the symplectic leaves are immersed submanifolds and carry a unique symplectic
structure so that the become Poisson submanifolds of M.

Let p € M and fi, fo,....fr € C°°(M) be such that the set {X¢ (p),..., X (p)}
is a basis of Ime, where W), is the Poisson tensor and Wp Ty M — T M = T,M
is the induced linear map. In other words, Xy, (p) = W, (dfj(p)). There exists some
€ > 0 and an open neighbourhood U of p such that the flow ¢; of Xy, is defined on
(—€,€) x U for every 1 < j < k. Taking a smaller € > 0, we may assume that

Dp(t1,t2, oo ti) = (P11 © P25 © oo © Phty ) (D)
is defined for |t;] <€, 1 < j < k. Obviously, ®, is smooth and

<<I>p>*o<£j> — X;,(0)

for 1 < j <k. So, (®p)+0 is a monomorphism and from the inverse function theorem
there exists an open neighbourhood V,, of 0 in R* such that ®,:V, - Mis an
embedding. Note also that Im(®,).o = ImW,,.

Lemma 7.4. There exists an open neighbourhood Vp, of 0 in R* such that
Im(®p)wt = ImWe () for every t = (t1,t2, ..., tx) € V).

Proof. We have

0

((I)p)*t(aitj) = ((¢17t1)* ©...0 (¢j—1,t,j—1>* © ij © ¢j+17tj+l ° "‘¢k,tk)(p)

= X, (Dp(t)) € ImWa, (4,

where hj = fjo (¢14,0...0¢j_14,_,) . Therefore, Im(®,).; < Iqu)p(t). However,
dimIm(®,).; = dimIm(®,). = dimImW, = dim Imﬁ/@p(t), since the flows of
Hamiltonian vector fields consist of Poisson maps, for ¢t € V), such that ®, : V, — M

is an embedding. (I
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If ¢ € ®,(V,) and ®, : V; — M is an embedding constructed as ¢, from
functions g1, go,....gx € C™, then there is an open neighbourhood Vj of 0 in R*
such that ®, maps Vj diffeomorphically onto an open subset of ®,(V},), from the
inverse function theorem.

Theorem 7.5. (Symplectic Stratification) In a Poisson manifold M every
symplectic leaf S C M 1is an immersed submanifold and T,S = Ime for every
p € S. Moreover, S has a unique symplectic structure such that S is a Poisson
submanifold of M.

Proof. Using the above notations, the family of all pairs (®,(V,), @, D, pes, con-
structed from functions fi, fa,...,fr € C°°(M) such that {X¢, (p), X, (p), ..., X, (p) }
is a basis of Ime, is a smooth atlas for S. Indeed, let p, ¢ € S and
y € O,(Vp) N ®y(Vy). From the last remark, shrinking V, we may assume
that ®,(V,) C ®,(V,) N ®4(V,) and @, is an embedding of V}, similtaneously into
®,(V,) and ®4(V;,). Therefore, S is an immersed Poisson submanifold of M and
1,8 = Ime, from Lemma 7.4. By Proposition 7.1, it remains to show that the
structural matrix of S is invertible at every point p € S. Let f € C°°(M) be such
that {f,g}(p) = 0 for every g € C*>°(M). Then df (p)(X4(p)) = X4(f)(p) = 0 for
every g € C°°(M), which implies that d(f|s)(p) = df (p)|r,s = 0. This shows that
the structural matrix of S at p is invertible. [

Example 7.6. Let (g, [,]) be the Lie algebra of a Lie group G and g* be its dual. If
f € C*®(g*), the Hamiltonian vector field Xy with respect to the Poisson structure
on g* defined in Example 7.2 satisfies

Xy()(g) = {9, fY (1) = pu([dg(p), df (0)]) = —(p o adgp(y) (dg(p))

for every g € C*(g*) and p € g*, where we have identified g** with g. Thus,
Xy(p) = —(adgp(u))* for every p € g* and Xy is precisely a fundamental vector field
of the coadjoint representation of G. It follows that the symplectic leaves in g* are
the coadjoint orbits. Moreover, the restricted Poisson structure on each coadjoint
orbit coincides with the Kirillov symplectic structure.



Chapter 3

Symmetries and integrability

3.1 Symplectic group actions

Let M be a smooth manifold, G a Lie group with Lie algebra g and ¢ : G x M — M
be a smooth group action. If X € g, the fundamental vector field ¢, (X) € X(M)
of the action which corresponds to X is the infinitesimal generator of the flow
¢x : R x M — M defined by ¢x(t,p) = ¢(exp(tX),p). Note that for g € G the
transformed vector field (¢g)«(¢«(X)) is the fundamental vector field ¢, (Ady(X)),
that is

(0g)xp(94(X)(P)) = ¢+(Adg(X))(dg(p))
for every p € M. Indeed,

d

P« (Ady(X))(9g(p)) = —

S0 (exp(eAdy (X)) =

t=0

_ SP(tAd, (X)) = (6%7P)).e(Ady (X)) =

B d
p(gexp(tX)g ", ¢(g.p)) = p

70¢(g exp(tX),p) =

L (@ o L) (exp(tX) = L| (6,0 67)(exp(tX)) =

t=0 dt t=0

(9)xp((9°)4e(X)) = (Dg)up(0+(X)(D))-

Lemma 1.1. The linear map ¢, : g — X (M) is an anti-homomorphism of Lie
algebras, meaning that ¢.([X,Y]) = —[¢«(X), ¢«(Y)] for every X, Y € g.
Proof. If p € M, then we compute
d
[¢*(X)v ¢*(Y)](p) = % t_o(¢exp(—tX))*¢eXp(tX)(p) (¢*(Y))(¢exp(tX) (p))) =

d

dt t_0¢*(AdeXp(—tX)(Y))(P) = ¢.(—adx(Y))(p) = —0«([X,Y]). O

49
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Although ¢, is an anti-homomorphism of Lie algebras, it follows that ¢.(g) is a
Lie subalgebra of X'(M) of finite dimension.

Definition 1.2. Let (M,w) be a symplectic manifold and G a Lie group. A
smooth group action ¢ : G x M — M is called symplectic if ¢, = ¢(g,.) : M — M
is a symplectomorphism for every g € G.

If ¢ is symplectic, then ¢,(g) C sp(M,w), and therefore

¢«([g,0]) C [sp(M,w),sp(M,w)] C h(M,w),

by Proposition 4.8 in chapter 2. If Hy : g — H},p(M) is the linear map defined by
Hy(X) = [ig,(x)w], then X € Ker Hy if and only if ¢.(X) is a Hamiltonian vector
field, and [g, g] C Ker Hy.

Definition 1.3. A symplectic group action ¢ is called Hamiltonian if Hy4 = 0.

Thus, if H},z(M) = {0}, then every symplectic group action on M is Hamilto-
nian. In particular, every symplectic group action on a simply connected symplectic
manifold is Hamiltonian. Also if the Lie algebra g of G is perfect, meaning that
g = [g, g], then every symplectic group action of G is Hamiltonian. This happens
for example in the case G = SO(3,R), because s0(3,R) is isomorphic to the Lie
algebra (R, x), which is obviously perfect.

If ¢ is a Hamiltonian group action, in general there is no canonical way to
choose a Hamiltonian function for ¢, (X), since adding a constant to a Hamiltonian
function yields a new Hamiltonian function. If there is a linear map p : g — C*°(M)
such that p(X) is a Hamiltonian function for ¢.(X) for every X € g, there is a
smooth map u : M — g* defined by u(p)(X) = p(X)(p)-

Examples 1.4. (a) Let M be a smooth manifold, G a Lie group with Lie algebra g
and ¢ : G x M — M a smooth group action. Then, ¢ is covered by a group action
6 of G on T*M defined by gg(g, a)=ao (qﬁgq)*%(ﬂ(a)), where 7 : T*M — M is the
cotangent bundle projection. Since 7 o ¢~>g = ¢4 o 7, differentiating we get

W*ég(a) (¢] (¢g)*a = ((Z)g)*ﬂ(a) O Tya

for every a € T*M and g € G. The Liouville 1-form 6 on T*M remains invariant
under the action of GG, because

(($g>*9>a = 0¢~>g(a) ° (¢g)*a =ao (¢;1)*qjg(7r(a)) o (¢g)*7r(a) O Tyq = G O Tyq = Og.

Consequently, the action of G on T*M is symplectic with respect to the canonical
symplectic structure w = —df. Moreover, it is Hamiltonian, because

sux)? = Z.<;~5*(X)(d€) + d<i¢~>*(X)9)
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and therefore ij v yw = d(iq;*(X)H). Here we have a linear map p: g — C*°(T*M)
defined by p(X) = ié*(X)G and p: T*M — g* is given by the formula

(@) (X) = 0a(9:(X)).

(b) Let G be a Lie group with Lie algebra g and O be a coadjoint orbit. The
symplectic Kirillov 2-form w™ is Ad*-invariant, by Lemma 5.6 of chapter 2, and so
the natural action of G on O is symplectic. Recall that

w, (Xgr (1), Yo (v)) = —v([X,Y]) = (v oady)(X) = =Yg (V) (X) = =X (Y (v))

for every X, Y € g and v € O, having identified g** with g. If now px € C*(g*)
is the (linear) function defined by px(v) = —v(X), then dpx(v) = —X (again we
identify g** with g). It follows that ¢ X,.w = dpx, which shows that the action of
G on O is Hamiltonian.

Let ¢ : G x M — M be a Hamiltonian group action of the Lie group GG with Lie
algebra g on a connected, symplectic manifold (M,w). We assume that we have a
linear lift p : g — C°°(M) such that ¢.(X) = X, (x) for every X € g. We shall study
the possibility to change p to a new lift which is also a Lie algebra homomorphism.
From Proposition 4.8 of chapter 2 and Lemma 1.1 we have

Xp(xo)px)t = ~[Xp(x0): Xp(xy)] = «([Xo, X1]) = X130, 37

for every Xy, X1 € g. Since M is connected, there exists ¢(Xg, X7) € R such that

{p(X0), p(X1)} = p([Xo, X1]) + (X0, X1).

Obviously, ¢ : g x g — R is a skew-symmetric, bilinear form. Moreover, dc = 0, from
the Jacobi identity and the linearity of p. Hence ¢ € Z2(g). If p: g — C®(M) is
another linear lift and o = p — p, then o € g* and

{p(Xo), p(X1)} = {p(Xo), p(X1)} = p([Xo, X1]) + (X0, X1) =

A([Xo, X1]) + e(Xo, X1) — o([Xo, X1]).

Hence, ¢(Xo, X1) — ¢(Xo, X1) = —o([Xo, X1]) = (60)(Xo, X1). We conclude that
there is a choice of p such that ¢ = 0 if and only if [¢] = 0 in H?(g). Thus, in case
H?(g) = {0}, we can always select a linear lift p : g — C°°(M) which is a Lie
algebra homomorphism.

Examples 1.5. (a) Let M be a smooth manifold, G a Lie group with Lie algebra
gand ¢ : G x M — M a smooth group action. As we saw in Example 1.4(a), the
covering action ¢ on T*M is Hamiltonian and p : g — C(T*M) is given by the
formula p(X) =ig )0, where 6 is the invariant Liouville 1-form. Then,

c(Xo, X1) = =d0($+(X0), (X1)) — 0(9:([Xo, X1]) =

—Lg, x)P(X1) + L x01P(X0) + 0([9+(X0), 6+(X1)]) — 0(([Xo, X1]) =
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—{p(X1), p(X0)} + {p(X0), p(X1)} = 26(d([Xo0, X1]) = 2¢(Xo, X1)

and hence ¢ = 0.

(b) If G is a Lie group with Lie algebra g and O is a coadjoint orbit, then
p(X)(v) = —v(X) for every X € gand v € O C g*, as we saw in Example 1.4(b).
Therefore, ¢ = 0, from the definition of the Kirillov 2-form.

(c) We shall now describe a simple example, where [c] is a non-zero element of
H?(g). Let G = (R?,+), in which case g = R? with trivial Lie bracket. Let M = R?
endowed with the euclidean area 2-form dx A dy. Let G act on M by translations.
The action is symplectic and if X = (a,b) € g, then

0 0

which is Hamiltonian with Hamiltonian function p(X)(z,y) = ay — bx. Then,

c((ao, bo), (a1,b1)) = agbr — aibo
and therefore [c] = ¢ # 0.
Definition 1.6. Let M be a symplectic manifold and G be a Lie group with Lie

algebra g. A Hamiltonian group action ¢ : Gx M — M is called Poisson (or strongly
Hamiltonian) if there is a lift p : g — C°°(M) which is a Lie algebra homomorphism.

We conclude this section with a couple of criteria giving sufficient conditions
for a symplectic group action to be Poisson.

Theorem 1.7. Let (M,w) be a compact, connected, symplectic 2n-manifold
and G a Lie group with Lie algebra g. Then, every Hamiltonian group action
¢:Gx M — M is Poisson.

Proof. Recall from Proposition 4.9 of chapter 2 that C*°(M) = R @ C°(M,w). If
X € gand F € C*(M) is a Hamiltonian function of ¢.(X), we define

1 n
0= "

where w” = w Aw A ... Aw n-times. Then p is a linear lift. Let Xy, X1 € g and Fy,
Fy € C*°(M) be Hamiltonian functions of ¢.(Xp) and ¢.(X7), respectively. From
Proposition 4.8 of chapter 2 and Lemma 1.1 we have

X{F07F1} = _[XFonFJ = _[¢*(X0)a¢*(Xl)] = ¢*([X07X1D7

and therefore

(%0, X)) = {Fo A} = s [ AR g =

{p(X0), p(X1)} = 0 = {p(Xo), p(X1)},
from Proposition 4.9(b) of chapter 2. [
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Theorem 1.8. Let G be a Lie group with Lie algebra g. If H'(g) = {0} and
H?(g) = {0}, then every symplectic group action of G is Poisson.

Proof. Let (M,w) be a symplectic manifold and ¢ : G x M — M be a symplectic
action of G. The condition H!(g) = {0} is equivalent to [g, g] = g. This implies that
#+(g) C h(M,w), which means that the action is Hamiltonian. Since H?(g) = {0},
the discussion preceeding the Examples 1.5 shows that the action is Poisson. [J

3.2 Momentum maps

Let (M, w) be a connected, symplectic manifold, G be a Lie group with Lie algebra
gand ¢ : G x M — M be a Poisson action.

Definition 2.1. A momentum map for ¢ is a smooth map u : M — g* such that
p:g— C®(M) defined by p(X)(p) = p(p)(X) for X € g and p € M satisfies

(i) ¢«(X) = X)(x), and

(i) {p(X), p(Y)} = p([X, Y]) for every X, Y € g.

From the point of view of dynamical systems, one reason to study momentum
maps is the following. If H : M — R is a G-invariant, smooth function, then p is
constant along the integral curves of the Hamiltonian vector field Xz. Indeed, for
every X € g we have

Lxpp(X) ={p(X), H} = —{H, p(X)} = =Ly, x)H = 0.

Theorem 2.2. If G is a connected Lie group, then a momentum map p: M — g*
is G-equivariant with respect to the coadjoint action on g*.

Proof. The momentum map u is G-equivariant when p(¢4(p)) = u(p) o Adg-1 or
equivalently

p(X)(¢g(p)) = p(Adg-1(X))(p)

for every X € g, g € G and p € M. Observe that if this is true for two elements g1,
go € G and for every X € g and p € M, then this is also true for the element g;go.
Recall that since G is connected, if V' is any connected, open neighbourhood of the

o
identity e € G with V = V!, then G = U V™ where V* =V - ... -V, n-times.

n=1
It follows that it suffices to prove the above equality for g = exptY for Y € g and
t € R. In other words, it suffices to show that

p(X) (¢exp(tY) (p)> = p(Adexp(—tY) (X)) (p)

for every X, Y € g, p€ M and t € R. As this is true for t = 0, we need only show
that the two sides have equal derivatives with respect to t. The derivative of the
left hand side is

D) et (1)) = A (X) B () e (1) =
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W(P4(X) (Pexp(ty) (P)); D+ (Y ) (Pexpeyy (P))) =
W((Dg)sp(+(Adexp(—1y) (X)) (D)), (0g)sp(Ds (Adexp(—1v) (V) (p))) =
W(Px(Adexp(—1y) (X)) (D), Px(Adexp(—v) (V) (P) =
w(s(Adexp(—1v) (X)) (p), ¢+ (Y)(p)),

since Adexp(—¢y)(Y) = Y, the action is symplectic and using the remarks in the
beginning of section 1. The derivative of the right hand side is

4 p(Adesp-) (X)) () = P Ad ) (X)) (0) =

plad(y) (Adexp(—1v) (X)) () = p([=Y, Adexp(—ov) (X)]) (p) =
{p(AdeXp(ftY) (X))a p(Y)}(p) = w(d)* (Adexp(ftY) (X))(p), ¢* (Y)(p)) U

)
)

In general, for every X € g and g € G the smooth function

(9g)"(p(X)) — p(Adg-1 (X)) : M — R

has differential
d((dg)" (p(X)) — p(Ady-1(X))) = (¢9)"(dp(X)) — dp(Ady-1(X)) =
(69) (@ H(9x(X))) =07 (x(Ady-1(X))) = @7 ((¢g-1)50+(X) =i (Ady-1(X))) = 0,

because the group action is symplectic and using the remarks in the beginning of
section 1. Since M is connected, it is constant and so we have a function c¢: G — g*
defined by

c(9) = (6g)"(p(X)) — p(Ady-1(X)) = p(¢g(p)) — Adg(p(p))

for any p € M. If now gp, g1 € G, then

c(9091) = 1(¢go (0. (P))) — Adg, (Ady, (1(p))) =

1(Pgo (P91 (P))) — Adg, (1(D, (P))) + Ady, (g (p))) — Adg, (Ady, ((p))) =
c(g0) + Adg, (1(¢g: () — Adg, (1(p))) = c(g0) + Adg, (c(91))-

This means that ¢ is a 1-cocycle with respect to the group cohomology of G° with
coefficients in the G-module g*, with respect to the coadjoint action, where G°
denotes G' made discrete. If i/ is another momentum map, there exists a constant
a € g* such that ¢/ = u + a. The corresponding cocycle ¢’ is given by the formula

(g9) = u(dy(p)) + a — Ady(u(p)) — Ad;(a) = (c — da)(g)

where 0 denotes the coboundary operator in group cohomology. Thus, the coho-
mology class [c] € H'(G%; g*) does not depend on the choice of the momentum map
but only on the group action.
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Proposition 2.3. If H'(G%;g*) = {0}, there exists a G-equivariant momentum
map.

Proof. Let p be any momentum map with corresponding 1-cocycle c¢. There exists
a € g* such that ¢ = da, that is ¢(g) = Ady(a) — a for every g € G. Then p+ais a
(G-equivariant momentum map, because

1(q(p)) +a = c(g) + Ady(u(p)) +a = Ady(a) — a+ Ady(u(p)) +a = Ady(n+a)(p)

for every g € G and pe M. U

Examples 2.4. (a) Let ¢ : G x M — M be a smooth action of the Lie group G
with Lie algebra g on the smooth manifold M and (Z) G XT*M — T*M be the
lifted action on the cotangent bundle. As we saw in Examples 1.4(a) and 1.5(a),
the action of G on T*M is Poisson and actually the Liouville 1-form 6 on T*M is
G-invariant. The momentum map p : T*M — g* is given by the formula

w(a)(X) = Oa($+(X)(a))

for X € gand a € T*M, and is G-equivariant, because 6 is G-invariant. Indeed,

(89(@)(X) = O30) (64(X)(G4(@))) = (J-1)76) 3 (S (X) (S a))) =

0a((Dg1) 5, (a) (95 (X) (09 ()))) = a(d(Adg-1 (X)) (a)) = p(a)(Ady-1 (X)),

for every g € G.

In the case of the 3-dimensional euclidean space R? we have T*R3 = R3 x R3,
where the isomorphism is defined by the euclidean inner product (,), identifying
thus T*R3 with TR3. The Liouville 1-form is given by the formula

e(q,p)(vvw) = <’U,p>.
The natural action of SO(3,R) on R? is covered by the action ¢ such that
$a(a:p)(v) = (p, A™v) = (Ap,v)

for every v € T,R® and A € SO(3,R). Therefore, balq,p) = (Ag, Ap) for every
(¢,p) € T*R3 and A € SO(3,R). If now v € R3 = 50(3,R), the corresponding
fundamental vector field of the action satisfies

¢+(v)(g,p) = (Bg,0p) = (v X ¢,v X p).
It follows that the momentum map satisfies
1(q,p)(v) = (v x ¢,p) = (g X p,v)

for every v € R3. Consequently, the momentum map is the angular momentum

p(q,p) = q x p.
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Suppose now that we have a system of n particles in R?. The configuration space
is R3". The additive group R? acts on R3" by translations, that is

¢:(q", %, ") = (" + 2, ¢* + 2,0, ¢" + T)

for every « € R3. The lifted action on T*R3" = R3" x R3" is

(Z)I(qlanv "'aqn7p1’p27 7pn) = (q1 - x7q2 -, ’qn — T, P1, P2, 7pn)

If now X € R3, the corresponding fundamental vector field of the action is

QZ)*(X)(Q17 q2) "'7qnaplap27 7pn) = (_X) _X7 ceey _Xu 07 07 ceey 0)

Hence the momentum map pu : T*R3” — R? satisfies

n n
(a2 s @ P D2, ) (X) = D (=X, ps) = (X, = pj).
=1 j=1

In other words, the momentum map in this case is the total linear momentum
n
12
w(q" % @ P1, D2, D) = — Dy
j=1

This example justifies the use of the term momentum map.

(b) Let G be a Lie group with Lie algebra g and O C g* be a coadjoint orbit.
As we saw in Examples 1.4(b) and 1.5(b), the transitive action of G on O is Poisson
with momentum map p: O — g* given by the formula u(v) = —v for every v € O.
In other words, the momentum map is minus the inclusion of O in g*, which is of
course G-equivariant.

(c) Let h be the usual hermitian product and w the standard symplectic 2-
form in C™ defined by the formula w(v,w) = Reh(Jv,w), where J : C* — C"
is multiplication by i. The natural group action ¢ : U(n) x C* — C" preserves
h (by definition) and is symplectic, since the elements of U(n) commute with J.
If X € u(n), the corresponding fundamental vector field is ¢.(X)(z) = Xz and
therefore

(i, (x)w)z(v) = w(Xz,v) = Reh(J X z,v)

for every v € T.C" and z € C". Let now p(X) : C" — R be the smooth function
defined by

pX)(z) = Sh(X2,2)
which takes indeed real values since
h(Xz 2)=h(z,X'2) = h(z,-X2) = —h(Xz, 2),
because X € u(n). Observe that

h(X(z4v),z+v) — h(Xz,2)=h(Xv,v)+ h(Xz,0v) = h(Xz,0)
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and (X
lim 7( v,v)

= 0.
v=0 o]

It follows that

dp(X)(z)v = %[h(Xz,v) — h(Xz,v)] = Re(ih(X2,v)) = (ig, (x)w)z(v)

for every v € T,C" and z € C™. This means that the action is Hamiltonian.
Moreover, it is Poisson because for every X, Y € u(n) we have

p([X,Y])(2) = p(XY =Y X)(2) = %[h(XYz,z) —h(YXzz2)| =

%[h(Yz, CX2)— h(Xz-Y2) = %[—h(Xz, V2 + h(X2,Y2) =
Re(ih(Xz,Y2)) =w,(Xz,Yz) = {p(X), p(Y)}(2).

In accordance to Theorem 2.2, the corresponding momentum map g : C" — u(n)*
is indeed U (n)-equivariant since

W(Az)(X) = %h(XAz,Az) - %h([ltXAz,z) - %h(A‘lXAz,z) -

%h(AdA—l(X)Z, z) = (u(z) o Ady4-1)(X)

for every 2 € C*, A € U(n) and X € u(n), because Ad,-1(X) = A"1XA.

3.3 Symplectic reduction

Let (M,w) be a connected, symplectic manifold, G a Lie group with Lie algebra g
and ¢ : G x M — M a symplectic action. In general, the orbit space G\M of the
action may not be a smooth manifold (not even a Hausdorff space). Even in the
case it is, it may not admit any symplectic structure, as for instance it may be odd
dimensional. If the action is Poisson and there is a G-equivariant momentum map
w: M — g* there exists a well defined continuous map i : G\M — G\g*. Under
certain circumstances, the level sets i~ 1(0,), a € g*, can be given a symplectic
structure in a natural way. It is easy to see that the inclusion j : = !(a) — p=1(0,)
induces a continuous bijection ju : Go\p~'(a) — G\u"'(O,). In certain cases, ju
is a homeomorphism or even a diffeomorphism of smooth manifolds. For example,
if the action of G on M is free and proper and a is a regular value of u, then
p1(O,) is a smooth submanifold of M and so are G\u~'(O,) and G,\p~t(a).
Moreover, in this case jx is a diffeomorphism. In particular, these are true if G is
compact and the action is free.

Definition 3.1. Let P, ) be two smooth manifolds and f : P — @ be a smooth
map. A point ¢ € Q is called a clean (or weakly regular) value of f if f=1(q) is
an embedded smooth submanifold of M and T, f~*(q) = Ker f., for every p € f~1(q).
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Obviously, a regular value is always clean, but the converse is not true. For
example, (0,0) € R? is a clean, but not regular, value of the smooth function
f:R3 — R? with f(z,y,2) = (22, 2).

Theorem 3.2. Let (M,w) be a symplectic manifold, G be a Lie group with Lie
algebra g and ¢ : G x M — M be a Poisson action with a G-equivariant momentum
map p: M — g*. Let a € g* be a clean value of p such that the orbit space
M, = G, \p"(a) is a smooth manifold and the quotient map m, : p~*(a) — M,
1s a smooth submersion, where G, is the isotropy group of a with respect to the
coadjoint action. Then there exists a unique symplectic 2-form w, on M, auch that
sza = w‘ufl(a).

Proof. First note that p=1(a) is indeed G,-invariant, since u is G-equivariant. Ev-

idently, @, = w| u—1(a) 18 closed and Gg-invariant, because the action is symplectic.

So there exists a unique 2-form w, on M, such that m}w, = @&,. Since 7, is a

submersion and &, is closed, so is w,. It remains to show that w, is non-degenerate.
Observe that for any p € p~!(a) we have

(T,Gp)*t = {v € TyM : wy(¢+(X)(p),v) = 0 for every X € g} =

{veT,M: p,)(X)=0 for every X € g} =
Kerpiy = Tpu ' (a),

because T,Gp is generated by the values at p of the fundamental vector fields of
the action. On the other hand, u~'(a) N Gp = G,p, since u is G-equivariant, and
therefore T,Gyp C Tpu_l(a) N T,Gp. Actually, we have equality. To see this, let
v € Tou=t(a) N T,Gp. There exists X € g* such that v = ¢.(X)(p) and since

T,u~1(q) = Kerpiyy, we have

d d X .
0= pap(0)(X) = G| mexpie) ) = 5| Adiy (1)) = (Ad")-(X)(a).
This means X € g,, the Lie algebra of G, or in other words v € T,Gp.

It follows that T,Gop = Tpu ' (a)N(Tpu~'(a))*. Suppose now that v € T,u~1(a)
is such that @, (v,w) = 0 for every w € T,u"!(a). Then v € (T,u~*(a))* and so

v € T,Gyp. Hence (mg)«p(v) = 0. This proves that w, is non-degenerate. [

Under the assumptions of Theorem 3.2 let H € C°°(M) be G-invariant. As
we observed in the beginning of section 3.2, the momentum map p is constant
along the integral curves of the Hamiltonian vector field Xy, which is obviously
G-invariant, since the action is symplectic. Thus, Xy is tangent to u~!(a) and
is Gg-invariant. Let H, € C*°(M,) be defined by H, o 7, = H and Xp, be the
corresponding Hamiltonian vector field on the symplectic manifold (M, w,). Then
(ma)« X = Xg,, because for every p € p~(a) and v € T, *(a) we have

(Wa) o (p) (Ta)sp (X1 (P)); (Ta)4p(v)) = ((Ta) " wa)p(X#r (p), v) = wp(Xn (p), v) =
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The Hamiltonian vector field Xp, is called the reduced Hamiltonian vector field.
This is a geometric way to use the symmetry group G of Xy in order to reduce
the number of differential equations we have to solve, if we want to find its integral
curves.

Examples 3.3. (a) Let M be a symplectic manifold and H € C*° (M) be such that
the Hamiltonian vector field Xz is complete. Its flow is a Poisson group action of
R on M with momentum map H itself. Since R is abelian, the coadjoint action is
trivial. If now a € R is a clean value of H, then according to Theorem 3.2 the orbit
space R\ H~!(a) has a natural symplectic structure.

(b) Let SO(3,R) act on T*R? = R3 x R? as in the Example 2.4(a). As we saw,
the momentum map g : R? x R? — R? is the angular momentum

p(q,p) = q x p.

The Jacobian matrix of u at (q,p) is (—p,q), and so every non-zero v € R3 is a
regular value of u. As the Example 2.5.2 shows, the isotropy group of v is the group
of rotations of R? around the axis generated by v, hence isomorphic to S'. Thus,
the orbit space S*\p~!(v) has a symplectic structure.

(c) Let ¢ : ST x C**1 — C™*! be the action with ¢(e’, 2) = 2. As we saw in
the Example 2.4(c), the action is Poisson with respect to the standard symplectic
structure of C"*! and the momentum map x : C** — u(1)* = (iR)* = R is given
by the formula

) 1
u(z) = Shiiz, 2) = =3l

1
Now a = —3 is a regular value of p and p=1(a) = S?"*1. Since S! is abelian,

we conclude that CP" = S'\S?"*! has a symplectic 2-form. It is clear from the
definitions that this is exactly the symplectic 2-form that was described in the
Example 2.2.3.

(d) Let M be a symplectic 2n-manifold and Hy,...,H, € C°°(M) such that the
Hamiltonian vector fields Xp,,...,Xp, are complete. If {H;, H;} = 0 for every i,
j = 1,2,....k, then their flows commute and define a Poisson action of R¥ on M
with momentum map pu = (Hy,..., Hy) : M — RF. Since R* is abelian, we get a
symplectic structure on the orbit space R¥\p~1(a) for every clean value a € R¥ of
. In the next section we shall examine this situation in further detail when k = n.

3.4 Completely integrable Hamiltonian systems

Let (M,w) be a connected, symplectic 2n-manifold and H; € C*°(M). The
triple (Hi, M,w) is called a completely integrable Hamiltonian system if there are
Hy,...,H,, € C>®°(M) such that {H;, H;} =0 for every 1 <i,j <n and the differen-
tial 1-forms dHy, dHs,...,dH, are linearly independent on a dense open set D C M.
In this section we shall always assume that we have such a system.

For every p € M the set {Xg, (p), X, (p), ..., Xm, (p)} generates an isotropic
linear subspace of T,M. If p € D, then it is a basis of a Lagrangian subspace of
T,M. If f = (Hi,H>,...,Hy,) : M — R", then f|p is a smooth submersion and
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so the connected components of the fibers f~!(y) N D, y € R", are the leaves of
a foliation of D by Lagrangian submanifolds, because f.,(Xg,(p)) = 0 for every
1< <n.

Suppose that the Hamiltonian vector fields Xg,, Xg,,..., Xp, are complete.
Since their flows commute, they define a Poisson group action ¢ : R x M — M with
fundamental vector fields Xg,, XH,,..., Xg, and momentum map f. Let y € R"
be a regular value of f. Then f~!(y) C D is a R"invariant, regular n-dimensional
submanifold of M. The vector fields Xp,, Xp,,..., Xg, are tangent to f~'(y), and
since they are linearly independent at every point of f~!(y), every orbit in f~1(y)
is an open subset of f~!(y). This implies that every connected component N of
f~'(y) is an orbit of the action. Thus, N is diffeomorphic to the homogenenous
space R"/T",, where I'), is the isotropy group of p. Note that I'), does not depend on
p, but only on IV, since R" is abelian. Also, I', is a 0-dimensional closed subgroup
of R™ and therefore is discrete. The discrete subgroups of R™ are described as follows.

Lemma 4.1. Let I' < R" be a non-trivial discrete subgroup. Then T' is a lattice,
that is there exist 1 < k < n and linearly independent vectors vi,..., v such that

I'=7Zv1 + ... + Zvy,.

Proof. Let u; € I'\ {0}. Since I' is discrete, there exists A > 0 such that A\u; € I’
and I' N (=X, AN)u; = {0}. Let v1 = Aug and so I' "Ry = Zvy. If T' = Zvy, then
k =1 and we have finished. Suppose that I' # Zv; and uy € I' \ Zv; be such that
I'NRug = Zus. Then, v1 and us are linearly independent. Let

P('Ul,UQ) = {tlvl + toug 1 1,19 € [0, 1]}

be the parallelogram generated by v; and ug. The set 'NP(vy, ug) is finite, because T
is discrete. So there exists vo € P(v1, u2) such that 'NP(vy,vy) = {0, vy, va, v1 +v2}.
It follows now that

' (Rvy @ Rug) = Zvy + Zva,

because if there exist t1, to € R\ Z such that tjv; + tovg € I', then
(tl — [tl])vl + (tQ — [tz])vz cel'n P(vl,vg),

contradiction. If I' = Zv; + Zvy, then £ = 2 and we have finished. If not,
then we proceed inductively using the same argument repeatedly, replacing the
parallelograms with parallelopipeds etc. Since R™ has finite dimension, we end up
with linearly independent vectors vy,...,v; such that I' = Zvy + ... + Zvg. U

Corollary 4.2. Let I' < R"™ be a non-trivial discrete subgroup. Then there exists
1 < k < n such that the homogenenous space R" /T is diffeomorphic to T* x R**,
If R™ /T is compact, then k = n and R" /T is diffeomorphic to the n-torus T™.

Proof. From Lemma 4.1 there exist 1 < k < n and linearly independent vectors
V1,...,0 such that I' = Zvy + ...+ Zv,. We complete to a basis {v1, ..., Vg, Ukt1, ...y Un }
of R™ and consider the linear isomorphism 7' : R” — R" with T'(v;) = e;, 1 < j < n.
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Then, T(T') = ZF x {0}, and so T imduces a diffeomorphism T': R/I" — T* x R* ¥,
The rest is obvious. [J

Note that if NV is compact then the restrictions of the Hamiltonian vector fields
Xu,, XHy,..., Xg, to N are automatically complete. So, we have arrived at the
following.

Theorem 4.3. (Arnold-Liouville) Let y € R™ be a regular value of f and N be a
connected component of f~(y).

(i) If N is compact, then it is diffeomorphic to the n-torus T™.

(ii) If N is not compact and Xm,, Xmg,,..., X, are complete, then N is
diffeomorphic to T* x R for some 1 <k <n. O

n

It is not hard now to describe the flow of the Hamiltonian vector field Xg,
on N. Let p € N and ¢P : R” /T — N be the diffeomorphism which is induced by
o = ¢(.,p) : R" — N. Let (¢;)1er be the flow of Xp7, on N and ¢y = (¢P)Lotp;0¢P,
t € R, be the conjugate flow on R"/I". Then

th([tlﬂ "’7tnD = ((z;p)il(wt(gﬁ((tlv ...,tn),p))) =

(P) " D((t + t1, oy tn), D)) = [t + t1, 12, .0y ).

In other words, ¢([v]) = [v + te;] for every v € R" and ¢ € R. Using the notations
of the proof of Corollary 4.2, let T(e1) = (v1, ..., v,) and let x; = Toyp 0T~ 1 t € R,
be the conjugate flow on T* x R"*. Then,

xe (2™ ey ty) = T (W ([tivr 4. A tavn))) = T([ter Htivr 4.+ tavn)]).

Since
T(tey + tivr + ... + tpoy) =tT(e1) +t1er + ... +tnen = (t1 + tvr, ooyt + tvy,)
it follows that

e (€2 2T oty = (2T e 2mitet ) bty
This shows that the flow of Xy, on IV is smoothly conjugate to a linear flow on
Tk xR *_ In case N is compact, then k = n and the real numbers v1....,v,, are called
the frequences of the flow on N. As is well known, if they are linearly independent
over QQ, then the flow on NV is uniquely ergodic and every orbit is dense in V.

In the rest of this section we shall study more closely the case of a compact
connected component N of f~!(y), where y € R" is a regular value of f. We are
mainly interested in the structure of (M,w) around N. Since N is compact, there
exist an open neighbourhood U of y and a ¢-invariant neighbourhood V' of N such
that V is compact, f(V) = U and f|y : V — U is a submersion with compact fibers.
Therefore, f|y is a locally trivial fibration with Lagrangian fibers diffeomorphic to
the n-torus T™. Shrinking U to an open neighbourhood of y diffeomorphic to R”,
we get an open neighbourhood V' of N diffeomorphic to U x N and so to R™ x T™.
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The orbits of the restriction of the Poisson group action ¢ on V are the fibers
(flv)"%q) , ¢ € U, and the isotropy group of a point on (f|y)~!(¢) depends only on
q, since R" is abelian. We shall show first that the isotropy groups vary smoothly
with ¢q. Let tg € ', \ {0}, where p € N, and let s : U — V be a smooth section, that
is f os = id. Identifying a small open neighbourhood B of p in N with R", there
exist an open neighbourhood W of ¢y in I', \ {0} and an open neighbourhood U, of
y in U such that

pr(o(t, s(q))) —s(q) € B
for every t € W and ¢ € Uy, where pr : V. — N is the projection. The smooth map
G:W x U, — B with
G(t,q) = pr(o(t, s(q)) — s(q)

is thus well defined and 0 is a regular value of G(.,y). From the Implicit Function
Theorem there exist an open neighbourhood Uy, of y and a smooth map h : U, — R"
such that G(h(q),q) = 0 for every q € U, and h(y) = to. In other words,

#(h(q),s(q)) = s(q)

for every q € Uz,r Varying now tp in a basis of the lattice Iy, we conclude that there
exists smooth functions v1,...,v, : U — R” such that

Ty = Zoi(f(p)) + ... + Zon(f(p))

for every p € V, shrinking U and V appropriately.
Let now Y; be the infinitesimal generator of the smooth flow ¢ : R x V — V

with ¢'(t, p) = ¢(tvi(f(p)),p). Then,

Yi(p) = Z’Uz‘,j(f(p))XHj (p),

where v; = (v; 1, ..., Vi ). Obviously, the flow #' is periodic with period 1, the vector
fields Y1,...,Y7 are linearly independent and [Y;,Y;] = 0, because [Xp,, Xp,;] = 0
and X, ,...,.Xp, are tangent to the fibers of f|y. This means that there is a well
defined group action of the n-torus 7™ on V with fundamental vector fields Y7,...,Y,,
whose orbits are the fibers of f|y. We shall show that this action is Poisson and
and we shall construct a momentum map. First note that since we have selected U
to be contractible and V is diffeomorphic to U x N, the inclusion N C V induces
an isomorphism in cohomology. It follows that w|y is exact since w|ny = 0, because
N is Lagrangian. Let n be a smooth 1-form on V' such that w|y = —dn and for
1<i<nlet g;: V — R be the smooth function defined by

1
o) = [ (i) (@ )i
Since T™ is abelian, it suffices to show that Y; = X, for all 1 <7 < n, that is

w(Yi(p), Z(p)) = dgi(p)(Z(p))

for every Z(p) € T,M and p € V. Then, (g1, ..., gn) will be a momentum map.
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Let Z(p) € T, M and let Z be an extension to a smooth vector field on V' which is
invariant by the action of 7™, that is [Y;, Z] = 0 for every 1 < i < n. Differentiating
g; we get

1
a0 )20) = [ dlivn) (@' (6. ) (26 )
since Z is ¢'-invariant. But
d(iyv;n)(Z) = Lz(iy;n) = iy,(Lzn) + n([Z,Yi]) = (Lzn)(Yi) =

d(izn)(Ys) + iz (dn)(Y;) = d(izn) (Vi) + w(Y, Z)
and

1
/0 d(izn)(Y:)(¢'(t, p))dt = (i-n)(¢"(1,p)) — (i=n)(¢*(0,p)) =0,

since the flow ¢’ is periodic with period 1. Consequently,

1 .
dgi(p)(Z(p)) = /0 w(Yi, Z)(& (¢, p))dt

and it suffices to show that w(Y;, Z) is ¢'-invariant. Indeed, since [Y;, Z] = 0, we
have Ly, (w(Yi, Z)) = iy,(Ly,w)(Z) and

n n

iy, (Ly,w) = iy; (d(iy;w)) =Y Yi(vij o f)dH; = > Yi(Hj)d(vijo f) =0,
j=1 Jj=1

because Y;(v;j o f) = Y;(H;) = 0, since H; and v;jo f, 1 < j < n, are constant
along the orbits of Y.

Since now (g1, ..., gn) is a momentum map of the action of 7™, it is constant on
the fibers of f|y and so it is a function of f(p), p € V. We shall henceforth consider
(91, -.-,gn) as a function defined on U. Its rank at every point is n because

1
dgyr N ... Ndgn = —‘iyl...iyn(w Ao Aw).
n!

Considering local coordinates #1,...6,, on N around a point p € N, the smooth map
g =1(g1,,9n,01,....,0n) : V. — R?" defines local coordinates in a small neighbour-
hood of p in M. Moreover, since (g, ..., gn) iS @ momentum map of the n-torus
action and the action on the fibers is simply translation, we have

(97" 'w=> db; Ndgi+>_ aijdgi A dg;

i=1 i<j
for some smooth functions a;;, 1 <7 < j < n. The fact that w is closed implies that

the 2-form
o= Z ai;dg; A dg;

1<j
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is also closed, which means that a;; does not depend on 6,,...,0,,. Having chosen
U contractible, there exists a smooth 1-form 3 such that o = —dfB. So, there are
smooth functions f31,...,8, of g1,..,9, such that

B = Zﬂidgi-
i=1
Putting now ¢; = 6; — 5; we get
n
(971w =" dy Adg.
i=1

The local coordinates (g1, ..., gn, ¥1, ..., ¥y) are called action angle coordinates.



